
Phy 523 Problem sheet IX ( SOLUTIONS)

41. Consider the S- matrix element of Compton scattering γ(k1)+e(p1) →
γ(k2) + e(p2) in the form

Nǫµ(k1)ǫ
∗ν(k2)Mµν(2π)4δ4(k1 + p1 − k2 − p2)

. where N is the normalisation constant.
Show that kµ

1 ǫ∗νMµν = kν
2ǫ

µMµν = 0. ( This proves the amplitude is
gauge invariant: In momentum space, ǫµ(k) changes to ǫµ + αkµ under a
gauge transformation. Here α is the gauge parameter.)

Solution:
We have to show that Nǫµ(k1)ǫ

∗ν(k2)Mµν(2π)4δ4(k1 + p1 − k2 − p2).=
N(ǫµ(k1) + αkµ

1 )(ǫ∗ν(k2) + α∗kµ
2 )Mµν(2π)4δ4(k1 + p1 − k2 − p2) We consider

the term

kµ
1 ǫ∗νMµν = kµ

1 e2[ū(p2) 6 ǫ
∗(k2)

i

6 p1+ 6 k1 − m
γµu(p1)

+ū(p2)γµ
i

6 p2− 6 k1 − m
6 ǫ∗(k2)u(p1)]

= e2[ū(p2) 6 ǫ
∗(k2)

i

6 p1+ 6 k1 − m
6 k1u(p1)+ ū(p2) 6 k1

1

6 p2− 6 k1 − m
6 ǫ∗(k2)u(p1)]

We write 6 k1 occuring in the first term as (6 p1+ 6 k1−m) as (6 p1−m)u(p1) = 0.
Similarly we write k1 as − 6 p2+ 6 k1 + m for the second term in place of just
6 k1 ( now the identity used is ū(p2)(− 6 p2 + m) = 0.) This gives

= e2[ū(p2) 6 ǫ
∗(k2)

i

6 p1+ 6 k1 − m
(6 k1+ 6 p1 − m)u(p1)

+ū(p2)(m− 6 p2+ 6 k1)
1

6 p2− 6 k1 − m
6 ǫ∗(k2)u(p1)]

The factors 6 p1+ 6 k1 − m in the numerator and the denominator cancel in
the first term. Similarly the factor m+ 6 k1− 6 p2 cancels with the factor
6 p2− 6 k1 − m in the denominator giving a factor −1. Thus

= e2[ū(p2) 6 ǫ
∗(k2)(i)u(p1) − ū(p2) 6 ǫ

∗(k2)(i)u(p1)] = 0

1



Similarly one can show that kν
2Mµν = 0. This completes the proof that the

amplitude is gauge invariant.

42. Write the matrix element for τ− + µ+ → τ− + µ+ assuming only
electromagnetic interaction for τ -lepton and muon.

Solution:

τ

µµ

τ

γ

Feynman diagram for µ(p1) + τ(q1) → µ(p2) + τ(q2) The matrix element
is

−e2

(16p0
1p

0
2q

0
1q

0
2)

1/2
ūµ(p2)γ

αuµ(p1)
−iηαβ

(p1 − p2)2
ūτ (q2)γ

βuτ (q1)

(2π)4δ4(p1 + q1 − p2 − q2)

43. τ -lepton has a mass of about 1.8 GeV. τ− can decay to π + ντ .
Using the expression of π− → µ− + ν̄µ decay write the matrix element for
τ− → π + ντdecay.

Solution:
We write for π−(P )-decay to µ−(q1)+ ν̄µ(q2) the matrix element, ignoring

the overall phase factor,

M =
1

(4q0
1q

0
2)

1/2
(2π)4δ4(P − q1 − q2)ūµ(q1)γ

β(1 − γ5)vνµ
(q2) < 0|Jβ|π >
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where Jβ is the current and

< 0|Jβ|π >=
Fπ

(2P 0)1/2
Pβ

. For the τ(q̄1)-decay to π(P̄ ) + ντ (q̄2) we have

M =
1

(4q̄0
1 q̄

0
2)

1/2
(2π)4δ(−P̄ + q̄1 − q̄2)ūντ

(q̄2)γ
β(1 − γ5)uτ (q̄1) < π(P̄ )|J†

β|0 >

here

< π(P̄ )|J†
β|0 >=< 0|Jβ|π(P̄ ) >∗=

F ∗
π

(2P̄ 0)1/2
P̄β

44. Calculate the decay rate for the τ -decay in the problem 43.

Solution:
The matrix element becomes

M(τ → π + ντ ) =
F ∗

π

(8P̄ 0q̄0
1 q̄

0
2)

1/2
ūντ

(q̄2) 6 P̄ uτ (q̄1)(2π)4δ4(q̄1 − P̄ − q̄2)

Using the relation P̄ = q̄1 − q̄2 and ūντ
(q2) 6 q̄2 = 0, 6 q̄1(1 − γ5)uτ (q̄1) =

Mτ (1 + γ5)uτ (q̄1) we have

M = Mτ
F ∗

π

(8P̄ 0q̄0
1 q̄

0
2)

1/2
ūντ

(q̄2)(1 + γ5)uτ (q̄1)(2π)4δ4(q̄1 − P̄ − q̄2)

Squaring the amplitude

|M |2

V T
= M2

τ |Fπ|
2
(2π)4δ(q̄1 − P̄ − q̄2)

8P̄ 0q̄1
0q̄2

0
|ūντ

(q̄2)(1 + γ5)uτ (q̄1)|
2

We sum over the final spins and average over the initial spins to get

∑

spins
¯|M |2

V T
= M2

τ |Fπ|
2
(2π)4δ(q̄1 − P̄ − q̄2)

8P̄ 0q̄1
0q̄2

0

1

2
Tr(q̄2(1 + γ5)(q̄1 + Mτ )(1− γ5))

= M2

τ |Fπ|
2
(2π)4δ(q̄1 − P̄ − q̄2)

8P̄ 0q̄1
0q̄2

0

1

2
8q̄1.q̄2

Using q̄1.q̄2 = Mτ q̄2
0 in the rest frame of τ we get for the decay rate

Γ(τ → π + ντ ) =
∫ d3P̄ d3q̄2

(2π)6
M2

τ |Fπ|
2
(2π)4δ(q̄1 − P̄ − q̄2)

8P̄ 0q̄1
0q̄2

0

1

2
8Mτ q̄2

0
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=
∫

M2

τ |Fπ|
2

d3P̄

(2π)2

δ(q̄1
0 − P̄ 0 − q̄2

0)

8P̄ 0q̄1
0q̄2

0
4Mτ q̄2

0

we can perform the angular integral of d3P̄ = dωP̄ P̄ 2dP̄ as there is no angular
dependence on this variable and write

=
∫

4πM2

τ |Fπ|
2
P̄ 2dP̄

(2π)2

δ(q̄1
0 − P̄ 0 − q̄2

0)

8P̄ 0q̄1
0q̄2

0
4Mτ q̄2

0

The integral over P̄ can be done using the δ-function. Remembering q̄0
2 =

P̄ , P̄ 0 = (m2
π +P̄ 2)1/2, we get a factor 1+P̄ /P̄ 0 = Mτ/P̄

0 in the denominator
after the integration, leading to

= 4πM2

τ |Fπ|
2

P̄ 2

(2π)2

1

8P̄ 0q̄1
0q̄2

0

1
Mτ

P̄ 0

4Mτ q̄2
0

This leads to

Γ =
|Fπ|

2Mτ

2π
|P̄ |2.

45. Write possible three body leptonic decays of τ -lepton and the corre-
sponding matrix element assuming the interaction is given by the standard
model.

Solution:
The possible three body leptonic decays are

τ−(P ) → µ−(Q) + ντ (q1) + ν̄µ(q2)

and
τ−(P ) → e−(Q) + ντ (q1) + ν̄e(q2)

The matrix elements are

M1 = Nūντ
(q1)γ

α(1− γ5)uτ (P )(−i)









ηαβ −
(

rαrβ

m2

W

)

r2 − m2
W









ūµ(Q)γβ(1− γ5)vνµ
(q2)

and

M2 = Nūντ
(q1)γ

α(1− γ5)uτ (P )(−i)









ηαβ −
(

rαrβ

m2

W

)

r2 − m2
W









ūe(Q)γβ(1− γ5)vµe
(q2)
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Here

N =
(2π)4δ4(P − Q − q1 − q2)

16P 0Q0q0
1q

0
2

g2

8

and r = P − q1
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