
Phy 523 PARTICLE PHYSICS PROBLEM SHEET III- SOLUTIONS

Define S(x) = ψ̄(x)ψ(x); P (x) = ψ̄(x)γ5ψ(x); Vµ(x) = ψ̄(x)γµψ(x); Aµ(x) =
ψ̄(x)γ5γµψ(x); Tµν(x) = ψ̄σµνψ(x); where σµν = i(γµγν − γνγµ)/2 . Here
ψ(x), ψ̄(x) are anticommuting fields.

We use the notation below for the problems 11 to 13.
We have x′µ = Λµ

νx
ν where ηµνΛ

µ
αΛν

β = ηαβ. The transformation
of the field under a Lorentz transformation is given by U(Λ)ψ(x)U(Λ)† =
S(Λ)ψ′(x′) and U(Λ)ψ̄(x)U(Λ)† = ψ̄′(x′)S−1(Λ) Here S(Λ) obeys the equa-
tion S−1(Λ)γνS(Λ) = Λν

αγα. (S(Λ) is 4x4 matrix in the Dirac space.
11. Discuss how the above bilinears transform under a proper Lorentz

transformation.

Solution:

S ′(x′) = ψ̄′(x′)ψ′(x′) = U(Λ)ψ̄(x)U(Λ)†U(Λ)ψ(x)U(Λ)†

= ψ̄(x)S−1(Λ)S(Λ)ψ(x) = ψ̄(x)ψ(x) = S(x)

. S(x) transforms as a scalar.

P ′(x′) = ψ̄′(x′)γ5ψ
′(x′) = U(Λ)ψ̄(x)U(Λ)†γ5U(Λ)ψ(x)U(Λ)†

P ′(x′) = ψ̄(x)S−1γ5Sψ(x)

S−1γ5S = S−1(
−i

4!
ǫµναβγµγνγαγβ)S

=
−i

4!
ǫµναβΛµ

ρΛ
ν
σΛα

πΛβ
δγ

ργσγπγδ =
−i

4!
ǫρσπδdet(Λ)γργσγπγδ

=det(Λ)γ5.
det(Λ) = 1 for proper Lorentz transformations and thus
P ′(x′) =det(Λ)P (x) = P (x)

V ′µ(x′) = ψ̄′(x′)γµψ′(x′) = ψ̄(x)S−1γµSψ(x) = Λµ
βψ̄(x)γβψ(x) = Λµ

βV β(x)

V µ transforms as a vector.

A′µ(x′) = ψ̄′(x′)γ5γ
µψ′(x′) = ψ̄(x)S−1γ5γ

µSψ(x)
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S−1γ5γ
µS = S−1γ5SS−1γµS = det(Λ)Λµ

βγβ

Thus
A′µ(x′) = det(Λ)Λµ

βψ̄(x)γ5γ
βψ(x) = det(Λ)Λµ

βAβ(x)

T ′µν(x′) = ψ̄′(x′)σµνψ′(x′) = ψ̄(x)S−1σµνSψ(x)

S−1σµνS = S−1
i

2
(γµγν

− γνγµ)S = Λµ
αΛµ

β

i

2
(γαγβ

− γβγα

= Λµ
αΛµ

βσαβ

Thus
T ′νµ(x′) = ψ̄′(x′)σµνψ′(x′) = ψ̄(x)S−1σµνSψ(x)

= Λµ
βΛν

αψ̄(x)σβαψ(x)

= Λµ
βΛν

αT βα(x)

12. Discuss how the above quantities transform under parity.

Solution : Under parity we have x′0 = x0, x′i = −xi,det(Λ) = −1 and
S = γ0

UP ψ̄(x)U †
P = ψ̄′(x′) = ψ̄(x)γ0; UP ψ(x)U †

P = ψ′(x′) = γ0ψ(x)

UP S(x)U †
P = S ′(x′) = ψ̄′(x′)ψ′(x′) = ψ̄(x)γ0γ0ψ(x) = ψ̄(x)ψ(x) = S(x)

UP P (x)U †
P = P ′(x′) = ψ̄′(x′)γ5ψ

′(x′) = ψ̄(x)γ0γ5γ
0ψ(x) = −ψ̄(x)γ5ψ(x) = −P (x)

UP V µ(x)U †
P = V ′µ(x′) = ψ̄′(x′)γµψ′(x′) = ψ̄(x)γ0γµγ0ψ(x)

This means
V ′0(x′) = V 0(x); V ′i(x′) = −V i(x)

UP Aµ(x)U †
P = A′µ(x′) = ψ̄′(x′)γ5γ

µψ′(x′) = ψ̄(x)γ0γ5γ
µγ0ψ(x)

Thus

A′0 = ψ̄′(x′)γ5γ
0ψ′(x′) = ψ̄(x)γ0γ5γ

0γ0ψ(x) = −ψ̄(x)γ0ψ(x) = −A0(x)

A′i = ψ̄′(x′)γ5γ
iψ′(x′) = ψ̄(x)γ0γ5γ

iγ0ψ(x) = ψ̄(x)γ5γ
iψ(x) = Ai(x)

UP T µν(x)U †
P = T ′µν(x′) = ψ̄′(x′)σµνψ′(x′) = ψ̄(x)γ0σµνγ0ψ(x)
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Thus
T ′0i(x′) = ψ̄(x)γ0σ0iγ0ψ(x) = −T 0i(x)

T ′ij(x′) = ψ̄(x)γ0σijγ0ψ(x) = ψ̄(x)σijψ(x) = Tij(x)

13. Discuss how the above quantities transform under time revesal.

Solution:
Time reversal is an antilinear transformation. It is defined as (x′0 =

−x0; xi = xi)

UT Kψ(x)KU †
T = UT ψ∗(x)U †

T = ψ′(x′) = sψ(x)

UT Kψ̄(x)KU †
T = UT ψ̄∗(x)U †

T = ψ̄′(x′) = ψ̄(x)s−1

where Kis the complex conjugation operator and s = γ1γ3; s−1 = −s and
satisfies the identity s−1(γ0)∗s = γ0; s−1(γi)∗s = −γi;. Further s−1γ5s = γ5

S ′(x′) = UT Kψ̄(x)ψ(x)KU †
T = UT (ψ̄(x)ψ(x))∗U †

T = UT ψ̄∗(x)ψ∗(x)U †
T

= ψ̄(x)s−1sψ(x) = ψ̄(x)ψ(x) = S(x)

P ′(x′) = UT Kψ̄(x)γ5ψ(x)KU †
T = UT (ψ̄(x)γ5ψ(x))∗U †

T

= UT ψ̄∗(x)γ∗
5
ψ∗(x) = ψ̄(x)s−1γ∗

5
sψ(x)

= ψ̄(x)γ5ψ(x) = P (x)

Note our definition of P (x) = p̄si(x)γ5ψ(x) satisfies P † = −P If we define a
hermitian quantity P̃ = iP then P̃ is Hemitian. The transformation of P̃ is
given by

P̃ ′(x′) = UT Kiψ̄(x)γ5ψ(x)KU †
T = −iψ̄(x)γ5ψ(x) = −P̃ (x)

V ′µ(x′) = UT Kψ̄(x)γµψ(x)KU †
T = UT (ψ̄(x)γµψ(x))∗U †

T

= UT ψ̄∗(x)(γµ)∗ψ∗(x)U †
T = ψ̄(x)s−1(γµ)∗sψ(x)

Thus for µ = 0 we have

V ′0(x′) = ψ̄(x)s−1(γ0)∗sψ(x) = ψ̄(x)γ0ψ(x) = V 0(x)

and for µ = i we have

V ′i(x′) = ψ̄(x)s−1(γi)∗sψ(x) = −ψ̄(x)γiψ(x) = −V i(x)
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A′µ(x′) = UT Kψ̄(x)γ5γ
µψ(x)KU †

T = UT (ψ̄(x)γ5γ
µψ(x))∗U †

T

= ψ̄(x)s−1(γ5γ
µ)∗sψ(x) = ψ̄(x)s−1γ∗

5
(γµ)∗sψ(x)

= ψ̄(x)γ5s
−1(γµ)∗sψ(x)

For µ = 0

A′0(x′) = ψ̄(x)γ5s
−1γ0sψ(x) = ψ̄(x)γ5γ

0ψ(x) = A0

For µ = i

A′i(x′) = ψ̄(x)s−1γ∗
5
(γi)∗sψ(x) = ψ̄(x)γ5s

−1(γi)∗sψ(x)

= −ψ̄(x)γ5γ
iψ(x) = −Ai(x)

Finally

T ′µν(x′) = UT Kψ̄(x)σµνψ(x)KU †
T = UT ψ̄∗(x)(σµν)∗ψ(x)∗U †

T

= ψ̄(x)s−1(σµν)∗sψ(x)

For µ = 0, ν = i we have

s−1(
i

2
)(γ0γi

− γiγ0)∗s = s−1(
−i

2
)((γ0)∗(γi)∗ − (γi)∗(γ0)∗)s

=
i

2
(γ0γi

− γiγ0) = σ0i

Thus
T ′0i(x′) = T 0i(x)

For µ = i, ν = j we have
s−1(σij)∗s = −σij

which gives
T ′ij(x′) = −T ij(x)

14. Discuss how the above quantities transform under charge conjugation.

Solution:
Under charge conjugation the transformation of the spinors fields are

given by
ψc(x) = cψ̄T (x); ψ̄c(x) = −ψT (x)c−1
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where the transpose is in the Dirac space and c is defined as

c−1γµc = −(γµ)T ; c = −cT = γ0γ2

Further c−1γ5c = γ5.

Sc(x) = ψ̄c(x)ψc(x) = −ψT (x)c−1cψ̄T (x) = −ψT (x)ψ̄T (x) = −

4∑

r=1

ψr(x)ψ̄r(x)

=
4∑

r=1

ψ̄r(x)ψr(x) = ψ̄(x)ψ(x)

Note that the transpose operator is in the Dirac space but the order of the
two fermion fields have been interchanged. This gives an extra negaitve sign.

P c(x) = ψ̄c(x)γ5ψ
c(x) = −ψT (x)c−1γ5cψ̄

T (x)

= −ψT (x)γ5ψ̄
T (x) = ψ̄(x)γT

5
ψ(x) = ψ̄(x)γ5ψ(x) = P (x)

(V µ)c(x) = ψ̄c(x)γµψc(x) = −ψT (x)c−1γµcψ̄T (x) = ψT (x)(γµ)T ψ̄T (x)

= −ψ̄(x)γµψ(x) = −V µ(x)

(Aµ)c(x) = ψ̄c(x)γ5γ
µψc(x) = −ψT (x)c−1γ5γ

µcψ̄T (x) = ψT (x)γ5(γ
µ)T ψ̄T (x)

= −ψ̄(x)γµγ5ψ(x) = ψ̄(x)γ5γ
µψ(x) = Aµ(x)

(T µν)c(x) = ψ̄c(x)σµνψc(x) = −ψT (x)c−1σµνcψ̄T (x)

c−1
i

2
(γµγν

− γνγµ)c =
i

2
((γµ)T (γν)T

− (γν)T (γµ)T ) = −(σµν)T

Thus
(T µν)c(x) = ψT (x)(σµν)T ψ̄T (x)

= −ψ̄(x)σµνψ(x) = −T µν(x)

15. Consider the reaction π− + d → n + n . It is given that the capture
of π− by deuteron occurs in the s-state (l=0). Show that n + n can not be
emitted in the s-state l = 0 state.Assuming that parity is conserved and that
it is emitted in the p-state (l = 1), find the parity of π−.( deuteron has spin
1 and is in the s- state ( l=0); asssume the intrinsic parity of proton and
neutron is positive.)
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Solution:
The spin of the deuteron is S = 1 and since the pion is captured from the

l = 0 state the total angular momentum of the π − d system is Ji = 1. The
final two neutrons are in Jf = 1 state. If they are emitted in the l = 0-state,
then the total spin of the two neutrons S = 1. This violates Fermi-Dirac
statistics as both the orbital and the spin wave functions are even under the
exchange of the two neutrons. Thus the two neutrons can not be emitted in
the l = 0 state. For the l = 1 state the parity of the final state is (−1)l = −1.
Thus the parity of the initial sate =parity of pion×(−1)0=-1. The intrinsic
parity of the pion is negative.
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