
Phy 523
PARTICLE PHYSICS-SOLUTIONS Problem sheet 2

6. Calculate the decay rate of A → B + C in the frame in which A has
mo mentum ~PA, using the expression

ΓA(~PA)→B+C =
∫ ∫

d3PBd3PC

(2π)2

δ4(PA − PB − PC)

2P 0
A2P 0

B2P 0
C

|M(PA, PB, PC)|2

and show that the result is related to the decay rate in the rest frame by

ΓA(~PA)→B+C =
mA

EA

ΓA(rest)→B+C

Solution:

Γ(A(~PA) → B + C) =
∫

d3PBd3Pc

(2π)28P 0
AP 0

BP 0
C

δ4PA − PB − PC)|M |2

where |M |2 is a Lorentz scalar.

Γ(A(~PA) → B + C) =
∫

d3PB

(2π)28P 0
AP 0

BP 0
C

δ(E0
A − E0

B − E0
C)|M |2

where EB = (m2
B + |~PB|

2)1/2; EC = (m2
C + |~PA − ~PB|

2)1/2

Γ(A(~PA) → B + C) =
∫

dΩB| ~PB|
2d| ~PB|

(2π)28P 0
AP 0

BP 0
C

δ(E0
A − E0

B − E0
C)|M |2

where the angular integration dΩB = dΦBdcos(θB) performing the dcos(θB)

integration using EC = (m2
C + |~PA|

3 + |~PB|
2 − 2|~PA||~PB|cos(θB))1/2 one gets

Γ(A(~PA) → B + C) =
∫

dΦB|~P |2d|~P |

(2π)28P 0
AP 0

BP 0
C

1
(

|~PA||~PB |
P 0

C

) |M |2

=
∫

dΦB|~PB|d|~PB|

(2π)28P 0
AP 0

B
~PA|

|M |2

1



=
∫

dΦBEBdEB

(2π)2EAEB|~P |
|M |2

where we use the identity |~PB||d~PB| = EBdEB.

Γ(A(~PA) → B + C) =
∫

dΦBdEB

(2π)28EA|~PA|
|M |2

EB is related to the energy in the rest frame of A by the equation

EB =
EA

mA

(EB(r) +
|~PA||~PB(r)|cosθr|

EA

)

WhereEB(r), ~PB(r) and cosθr refer to the quantities in the rest frame of A.
The above equation implies

dEB

∂cos(θr

=
~PA||~PB(r)|

mA

and
ΦB = ΦB(r)

where Φ(r) refers to the azimuthal angle in the rest frame. Thus

Γ(A(~PA)→B+C) =
1

(2π)2

∫

dΦ(r)dcos(θr)|~PA||~PB(r)|

8EAPAmA

|M |2

=
1

(2π)2

∫

dΩ(r)|~PB(r)|

EAmA

|M |2

=
mA

EA

Γ(A(rest)→B+C)

which is the required result.
The same result can be obtained by using the identity

∫

d3P

2P 0
=

∫

δ(P 2 − m2)θ(P 0)

is a Lorentz scalar. Thus the integral

1

2EA

∫

d3PCd3PB

2P 0
B2P 0

B

|M |2 =
1

2EA

∫

d4PBd4PCδ(P 2
B − m2

B)δ(P 2
C − m2

C)|M |2

2



is 1
EA

× Lorentz scalar=mA

EA
Γ(A(rest)→B+C).

7. Show that

(a) γµ 6 pγµ = −2 6 p

(b) γµ 6 p 6 qγµ = 4p.q

(c) γµ 6 a 6 b 6 cγµ = −2 6 c 6 b 6 a

Solution:
(a) We have γνγν + γνγµ = 2ηµν Thus

γµ 6 pγµ = γµγβpβγµ = (−γβγµ + 2ηµβ)pβγµ

= − 6 pγµγµ + 2pµγµ = −4 6 p + 2 6 p = 2 6 p

(b)We use the identity γµ 6 p = − 6 pγµ + 2pµto write

γµ 6 p 6 qγµ = − 6 pγµ 6 qγmu + 2 6 p 6 q = 2 6 q 6 p + 2 6 q 6 p = 2(γµγν + γνγµ)pµqν

= 4ηµνpµqν = 4p.q

(c) Using γµ 6 a = − 6 aγµ + 2aµ,

γµ 6 a 6 b 6 cγµ = − 6 aγµ 6 b 6 cγµ + 2aµ 6 b 6 cγµ = −4b.c 6 a + 2 6 b 6 c 6 a

= −4b.c 6 a + 2(− 6 c 6 b 6 a + 2b.c 6 a) = −2 6 c 6 b 6 a

8. Show that

(a) Tr(6 a 6 b) = 4a.b

(b)
Tr(6 a) = Tr(6 a1 6 a2... 6 a2n+1) = 0 n = 0, 1, ...

(c)

Tr(γ5) = Tr(γ5γ
µ) = Tr(γ5γ

µγν) = Tr(γ5γ
µγνγρ) = 0

(d)
Tr(γ5γ

µγνγργσ) = −4iǫµνρσ
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where γ5 = iγ0γ1γ2γ3 and ǫ0123 = 1 and it is antisymmetric in all its indices.

Solution:

Tr(γµγν) =
1

2
Tr(γµγν + γνγµ)) = Tr(ηµν) = 4ηµν

In the above we have used the fact the cyclic property Tr(ABC..X) =
Tr(XABC..) for any set of matrices A,B,C, ....X For two matrices A,B

we have Tr(AB) = Tr(BA).This implies

Tr(6 a 6 b) = Tr(γµγν)aµbν = 4ηµνaµbν = 4a.b

(b)We use the identity γ5 6 aγ5 = − 6 a

Tr(6 a) = −Tr(γ5 6 aγ5)

From the cyclical property this is equal to −Tr(γ5γ5 6 a) = −Tr(6 a) Thus we
have

Tr(6 a) = −Tr(6 a) = 0

Similarly for n =odd

Tr(6 a1 6 a2 6 a3 6 a4... 6 an) = Tr(6 a1 6 a2 6 a3 6 a4... 6 anγ5γ5)

Using the cylical property we get

= Tr(γ5 6 a1 6 a2 6 a3 6 a4... 6 anγ5)

= −Tr(6 a1γ5 6 a2 6 a3 6 a4... 6 anγ5)

= Tr(6 a1 6 a2γ5 6 a3 6 a4... 6 anγ5)

= −Tr(6 a1 6 a2 6 a3 6 a4... 6 anγ5γ5)

as we have moved γ5 an odd number of times (n is odd) Finally we get using
γ5γ5 = 1,

= Tr(6 a1 6 a2 6 a3 6 a4... 6 an) = −Tr(6 a1 6 a2 6 a3 6 a4... 6 an) = 0

(c)

Tr(γ5) = iT r

(

0 1
1 0

)

= 0
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Tr(γ5γµ) is a trace over odd number of gamma- matrices and hence
Tr(γ5γµ) = 0.Similar argument leads to Tr(γ5γµγνγβ) = 0

If µ = ν in Tr(γ5γµγ
ν) = Tr(γ5γµγ

µ) = ηµµtr(γ5) = 0 ( In this equation
no sum is implied for µ).

If µ 6= ν then let β 6= µ; β 6= ν and β be a spatial index. We have
γβγ5γ

µγνγβ) = −γ5γ
µγνγβγβ = γ5γ

µγν ( no sum over β) This gives

Tr(γ5γ
µγν) = γβγ5γ

µγνγβ)

Using the cyclic property of the trace,

Tr(γ5γ
µγν) = Tr(γβγβγ5γ

µγν) = −Tr(γ5γ
µγν) = 0

(d) Tr(γ5γ
µγφγργν) = 0 if any two of the indices are equal as they can be

contracted and reamining is trace of γ5 with two γ matrices, which we have
already seen is zero. If all are different then we have

γµγφγργν = −iǫµφρνγ5

This gives
Tr(γ5γ

µγφγργν) = −iǫµφρνTr(γ5γ5) = −iǫµφρν

9. Show that
2

∑

s=1

u(p, s)ū(p, s) =6 p + m

2
∑

s=1

v(p, s)v̄(p, s) =6 p − m

where u(p, s), v(p, s) represents the positive energy solution and negative
energy solution respectively and p, s repesent their momentum and spin.

Solution:
u(p, s), v(p, s) are normalised as ū(p, s)u(p, s′) = −v̄(p, s)v(p, s′) = 2mδss′ .

They also satisfy ū(p, s)v(p, s′) = v̄(p, s)u(p, s′) = 0. Consider a general wave
funcion ψ(p, r) of momentum p and spin r. We write is as a linear combina-
tion

ψ(p, r) = a(p, r)u(p, r) + b(p, r)v(p, r)

5



Let this wave function operate on
∑2

s=1 u(p, s)ū(p, s) giving

2
∑

s=1

u(p, s)ū(p, s)ψ(p, r) =
2

∑

s=1

u(p, s)ū(p, s)(a(p, r)u(p, r) + b(p, r)v(p, r))

Using the orthonormal conditions we get

2
∑

s=1

u(p, s)ū(p, s)ψ(p, r) =
2

∑

s=1

u(p, s)(2m)(a(p, r)δrs)u(p, r) = 2ma(p, r)u(p, r)

The operation of 6 p + m on ψ(p, r) gives

(6 p + m)ψ(p, r) = (6 p + m)(a(p, r)u(p, r) + b(p, r)v(p, r)) = 2ma(p, r)u(p, r)

as 6 pu(p, r) = mu(p, r) and 6 pv(p, r) = −mv(p, r). This shows when a general
wave function with momentum p operates on

∑2
s=1 u(p, s)ū(p, s) it gives the

same result as (6 p + m) operating on ψ(p, r) this means both th operators
are equal.

2
∑

s=1

u(p, s)ū(p, s) =6 p + m

Exactly similarly we get

2
∑

s=1

v(p, s)v̄(p, s)ψ(p, r) = (−2m)b(p, r)v(p, r)

which is what one gets from

(6 p − m)ψ(p, r) = −2mb(p, r)v(p, r)

proving the identity
2

∑

s=1

v(p, s)v̄(p, s) =6 p − m

. Note both the right hand and the left hand side are 4x4 marices. In fact
we write it as

2
∑

s=1

uα(p, s)ūβ(p, s) = (6 p + m)αβ

where α, β take values 1 to 4. Similarly

2
∑

s=1

vα(p, s)v̄β(p, s) = (6 p − m)αβ
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.

10. Evaluate
∑2

s=1

∑2
s′=1 |ū(p, s′) 6 au(q, s)|2 in terms of p, q and a.

2
∑

s=1

2
∑

s′=1

|ū(p, s′) 6 au(q, s)|2 =
2

∑

s=1

2
∑

s′=1

ū(p, s′) 6 au(q, s)ū(q, s) 6 au(p, s′)

=
∑

αβρπ = 14
2

∑

s=1

2
∑

s′=1

ūα(p, s′)(6 a)αβuβ(q, s)ūρ(q, s)(6 a)ρπuπ(p, s′)

=
∑

αβρπ = 14
2

∑

s′=1

ūα(p, s′)(6 a)αβ

2
∑

s=1

uβ(q, s)ūρ(q, s)(6 a)ρπuπ(p, s′)

=
∑

αβρπ = 14
2

∑

s′=1

ūα(p, s′)(6 a)αβ(6 q + m)βρ(6 a)ρπuπ(p, s′)

=
∑

αβρπ = 14
2

∑

s′=1

uπ(p, s′)ūα(p, s′)(6 a)αβ(6 q + m)βρ(6 a)ρπ

=
∑

αβρπ = 14(6 p + m)πα(6 a)αβ(6 q + m)βρ(6 a)ρπ

= Tr((6 p + m) 6 a(6 q + m) 6 a) = 4m2Tr(6 a 6 a) + Tr(6 p 6 a 6 q 6 a)

As traces having odd number of γ- matrices do not contribute.

Tr(6 a 6 a = 4a.a

and
Tr(6 p 6 a 6 q 6 a) = 2q.aTr(6 p 6 a) − Tr(6 p 6 a 6 a 6 q)

where we have used the identity 6 q 6 a = 2q.a− 6 a 6 q. Further using 6 a 6 a = a.a

we get

Tr(6 p 6 a 6 q 6 a) = 2q.aTr(6 p 6 a) − a.aTr(6 p 6 q) = 8q.ap.a − 4a.ap.q

Collecting all the terms we get

2
∑

s=1

2
∑

s′=1

|ū(p, s′) 6 au(q, s)|2 = 4a.a(m2 − q.p) + 8q.ap.a
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