Phy 523
PARTICLE PHYSICS-SOLUTIONS Problem sheet 2

6. Calculate the decay rate of A — B + C' in the frame in which A has
mo mentum P4, using the expression

d* Pgd® Py 6*(Pa — P — Po)
A(Pa)=B+C — / / )2 2P92 P32 P, [M(Pa, Py, Fo)l*
and show that the result is related to the decay rate in the rest frame by

ma

Papy—pre = F Tawen—pic

Solution:

T(A(Py) = B+C) :/ O T 8Py — P — Po)|M|®
(2m)28 Py PY Y,
where |M|? is a Lorentz scalar.
d?Pp

0(Ey — B — E¢)|M[*

P(A(Pa) = B+C) = / (27)28 PP P

where Ep = (m% + |Pg|)V2; Ec = (m2 + | Py — Pg|?)"/?

dQp| Pp|?d| Pp|

S(E% — EY% — EX)|M|?

P(A(P)) — B+ C) = /

where the angular integration dQQg = d®gdcos(fg) performing the dcos(0p)
integration using E¢ = (m2, + |Pa|® + |Pg|? — 2| Pal|Pg|cos(03))'/? one gets

d® | P|2d| P 1
27)28 P PY PY (|ﬁA||OﬁB>
P
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|M]?

T(A(Py) — B+C) = /(

(2)28 P9 P3P, | MF
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_/ dq)BEBdEB ‘M’Q
(27)2E 4 Eg|P|

where we use the identity | Pg||dPs| = EgdEp.

[(A(P,) — B+C) :/( Wudls a2

2728 E 4| Pa|
E'p is related to the energy in the rest frame of A by the equation

E P,||P 0,
EBz—A(EB(r)+| || Pp(r)|cost, |

ma Ey

)

WhereEg(r), Pg(r) and cosf, refer to the quantities in the rest frame of A.
The above equation implies

dEp _ Py||Ps(r)|

Ocos(0, ma

and
(I)B = CI)B(T)

where ®(r) refers to the azimuthal angle in the rest frame. Thus

1 d@(r)dcos(@rﬂﬁAHﬁB(T)
(AP)—B+C) = ()2 / 8E4Pama

L APl

- (27‘(’)2 EAmA

= E (A(rest)—B+C)

which is the required result.
The same result can be obtained by using the identity

2P0 /5 o)

is a Lorentz scalar. Thus the integral

d3PCd3PB M =
2EA 2P02P0
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: 1 __ma
is 7. X Lorentz scalar—ﬁl"( A(rest)—B+C)-

7. Show that
(@) ¥ pyu=-2p
(0) " b frve =4paq
(€ AP Ly==2LbA
Solution:

(a) We have v¥~" 4+ 4¥+* = 2n** Thus
Y v =7 v = (= + 20 )psva

== DVt Wnu=—4p+2p=2p
(b)We use the identity v* p = — py* + 2ptto write

Y A== Y Avmu 2 p A=2 4 2 4 =200+ ) pugy

= 4n""puq, = 4p.q
(c) Using " 4 = — 4" + 2a*,
YLD Ly =— b Ly 20" b Ly = —dbe A2 B LA
=—dbc A+2(— L P A+2bc p)=—2 /L) 4
8. Show that

(a) Tr(4 p) =4a.b

(b)
Tr(4) ="Tr(fa fo... fions1) =0 n=0,1,..

(c)

Tr(ys) = Tr(vs7") = Tr(ys7"y") = Tr(:7"7"7") = 0

Tr(ysy'y"yPy7) = —4ie??

3



0123

where v5 = i7%y19?~3 and € = 1 and it is antisymmetric in all its indices.

Solution:

v 1 v v v v
Tr(vy") = 5Tr(y"™" +9"") = Tr(n™) = 4"

In the above we have used the fact the cyclic property Tr(ABC.. X) =
Tr(XABC..) for any set of matrices A, B,C,....X For two matrices A, B
we have Tr(AB) = Tr(BA).This implies

Tr(4 b) = Tr(y"~")aub, = 47" a,b, = 4a.b

(b)We use the identity v5 4v; = — 4

Tr(4) = =Tr(vs fs)

From the cyclical property this is equal to —Tr(v5ys 4) = —Tr(4) Thus we
have

Tr(f4) = =Tr(4) =0
Similarly for n =odd

Tr(fn 2 fiz fua... fin) =Tr(fn fio fiz fos. finV575)
Using the cylical property we get
=Tr(vs fn fi2 fiz fia-.. fin7s)

= —TT’(/dl’Yg) /aQ ,&3 /&4 ﬁn%’))
=Tr(fu fi2ys fi3 s fin)s)
= —Tr(fn fiz i3 fia-.. finY575)

as we have moved 75 an odd number of times (n is odd) Finally we get using
¥5Ys = 1,

= TT(/M fo fi3 fy... /dn) = —TT(/il S Sz ... /dn) =0

. 01
Tr(fy5):zTr<1 O)ZO
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Tr(vsy,) is a trace over odd number of gamma- matrices and hence
Tr(vsy,) = 0.Similar argument leads to Tr(y5y,7v73) = 0

If p=vin Tr(vsvy") = Tr(vsy,0") = n**tr(vs) = 0 ( In this equation
no sum is implied for p).

If w # v then let 8 # ;8 # v and ( be a spatial index. We have

VV5Y*Y ) = =5V 187 = 577 (o sum over 3) This gives
Tr(vs7*7") = 187577 18)
Using the cyclic property of the trace,
Tr(vsv'y") = Tr(vss77"") = =Tr(v:7"”) = 0

(d) Tr(ys7*y%yP~*) = 0 if any two of the indices are equal as they can be
contracted and reamining is trace of v5; with two ~ matrices, which we have
already seen is zero. If all are different then we have

PPy = —ie s

This gives
Tr(ysy"y*y*y") = —ie" " Tr(ys75) = —ie"*”
9. Show that )
> ulp, s)a(p, s) =p+m
s=1
2
Z U(pa 8>@(p7 S) :p —m
s=1

where u(p, s),v(p, s) represents the positive energy solution and negative
energy solution respectively and p, s repesent their momentum and spin.

Solution:

u(p, s),v(p, s) are normalised as @(p, s)u(p, s') = —v(p, s)v(p, ') = 2mdsy .
They also satisfy u(p, s)v(p, s’) = v(p, s)u(p, s’) = 0. Consider a general wave
funcion ¥ (p,r) of momentum p and spin r. We write is as a linear combina-
tion

U(p,r) = alp,r)ulp,r) + b(p,)v(p,7)



Let this wave function operate on Y2_, u(p, s)ii(p, s) giving

>_ulp. s)u(p, s)i(p,r) = > u(p, s)ulp, s)(a(p, r)u(p.r) + b(p, r)v(p, 7))

s=1 s=1
Using the orthonormal conditions we get

2

> ulp, s)u(p, s)(p,r) = > u(p, s)(2m)(a(p, r)ors)ulp, r) = 2ma(p, r)u(p,r)

s=1 s=1

[\

The operation of p+ m on ¥(p,r) gives

(6 +m)p(p,r) = (p+m)(alp,r)ulp,r) + b(p,r)v(p, 7)) = 2ma(p,r)u(p,r)

as pu(p,r) = mu(p,r) and pv(p,r) = —muv(p,r). This shows when a general
wave function with momentum p operates on S2_, u(p, s)u(p, s) it gives the
same result as ( + m) operating on ¥ (p,r) this means both th operators

are equal.
2

> ulp, s)ulp,s) =p+m

s=1
Exactly similarly we get

2

> v(p, s)v(p, s)v(p,7) = (=2m)b(p,r)v(p,7)

s=1

which is what one gets from
(6 —m)¢(p,r) = —=2mb(p,r)v(p,r)
proving the identity )
Zlv(p, s)0(p,s) =p—m

. Note both the right hand and the left hand side are 4x4 marices. In fact
we write it as )

Z ua(p, 8)@5(]), S) = (/ﬁ + m)aﬁ

s=1

where «a, § take values 1 to 4. Similarly

2

> va(p, 8)vs(p, s) = (— m)ap

s=1



10. Evaluate 32, 3% _, |a(p, ') 4u(g, s)|? in terms of p, ¢ and a.

2 2

s=1s'=1

s'=1

= Zozﬂpﬂ' = 14(/? + m)ﬂa(ﬁ)aﬁ(/é + m)ﬁp(/d)pﬂ
=Tr((p+m) A(4+m) f) =4m>Tr(4 4) +Tr(p 4 4 4)

As traces having odd number of 7- matrices do not contribute.

Tr(4 4 =4a.a

and
Tr(p 4 4 4)=2q.aTr(p 4)—Tr(p 4 4 4)

where we have used the identity 4 4 = 2q.a— 4 4. Further using 4 4 = a.a
we get

Tr(p A 4 4)=2qaTr(p 4)—aalr(p 4) = 8q.ap.a — 4a.ap.q

Collecting all the terms we get

2
> > lulp,8') pulg,s)’ = 4a.a(m* — q.p) + 8q.ap.a

s=1s'=1



