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|SOLUTIONS TO TEST-I PROBLEMS

§1 Question [1]

Question Show that spin one matrices are given by 8]
010 0 — 0 1 0 0
Sm:% 1 0 1}; Sy:% i 0 —il; S.=hA|0 0 O
010 0 ¢« O 0 0 —1

Solution The matrix S, is diagonal because the eigenvectors of S, are taken as
basis. The entries for the S, matrix are h, 0, —h, because spin is 1. Hence

10 0
S.=nh{0 0 0 (1)
00 —1
For S,, S, we begin with the identity
Sylm) = /s(s + 1) —m(m + 1)h|m + 1). (2)

and compute action of S} on kets |1),]0), | —1). Using the above identity we would
get
S41) =0, 8,10) = V2h[1), S, — 1) = y/2h[0). )

Taking scalar product of the above vectors, consecutively, with |1),]0),| — 1) and
using orthonormal property of vectors |m) we get

WIS =0 (1S10) = v2r (1]S.]—1) =0 (1)
01S4[1) =0 (0[S4]0) =0 (0]S¢| = 1) = /2h (5)
(CUSL) =0 (~11S4]0) = v2h (~1]S4]~ 1) =0 (6)
(7)
Therefore the matrix for S, is given by
0 v/2 0
Sy=h|[0 0 /2 (8)
0 0 0



Taking adjoint of S| we get

0
0 (9)
0

010 0 —i 0
10 1]); Sy=J5 |1 0 —i
010 0 i 0



§2 Question [2]

Question

For particle in a potential well with a rigid wall (see Fig. 1) 8]
oo, forax <0
V(z)=4¢0, for0<z<L (10)
Vo, forax> 1L,
solve the Schrodinger equation for energy ok
range 0 < E < V5 and show that that the y
bound state energies are given by
kcotkL = —«
where X
V. Rz’ h? '
Solution in different regions
Region I (x < 0): the potential is infinite. Therefore the solution must vanish:
up(z) =0 for x < 0.
Region IT (0 < z < L): The Schrodinger equation can be cast as
h* d*u
- + k*u=0.
2m dz? o
and the solution is given by
un(x) = Asinkz + Bceoskr,0 <z < L.
Region III (0 < x < L): The Schrodinger equation can be written as
n:dPu
- -0
omda?
and most general solution has the form
umr(z) = Ce " + De”. (11)



Boundary conditions

e The potential has infinite jump discontinuity at x = 0. Therefore the solution
upr(z) must vanish atz = 0. Hence B = 0 and

ur(x) = Asinkz, 0<xz<L.

e The wave function should not become infinite as x — oo. From (III) we get
D = 0. Therefore
UTTT (l‘) = C’em

e The solution and its derivative must be continuous at x = L. This gives two
conditions

UII(x)|x:L = UHI(ZL‘)|J;:L — Asinkl = CG_QL, (12)
up (1) o= = W (7)o = AkcoskL = —Cae™. (13)

It is easily seen that the above conditions imply that nontrivial solution exists
if

‘kcotkL: —a .




§3 Question [3]

83.1 Definitions of Reflection and Transmission
§3.1.1 Potential properties at +oco

We shall define reflection and transmission coefficients for a particle incident on a
potential which tends to constant values 2]
Vi asx — —o0,
Vo as z — +o00.

V(z) — {

§3.1.2 Set up solution for £ > V|,V

Since the potential becomes constant at large distances,the particle travels like free
particle with momenta pig = /2m(E — Vi 3). The wave function for large distances
is therefore given by

Aek® 1 Bem#*  as x — —o0,
U(z) = { (14)

Ce"* 4+ De ™" as x — 00.

k:pl/h:\/@v quz/hz\/W- (15)

83.1.3 Assume incident wave comes from —oco

where

For a beam incident from the left, we can identify the incident, reflected and trans-
mitted waves as follows.

Wave Type Wave function Flux

Incident beam Aeik® ik 42|
Reflected beam Beike ik| 2|
Transmitted beam Cel® %|C’2|

§3.1.4 Apply boundary condition for r — co

The last column in the table shows the flux as computed using probability current

I= {5 - v} (16)

- 2im

>



There should be no wave travelling to the left in the transmission region. This means
that D = 0.
83.1.5 Define reflection and transmission coefficients

The reflection and transmission coefficients are computed as ratios of corresponding
fluxes with the flux of the incident beam.

T . Froient Flux of transmitted wave  |B|? (17)
ransmission coefficient = =
Flux of incident wave |Al?
Flux of reflected CI?
Reflection coefficient = -~ 00 TCTCCOE WAVE a|c (18)

Flux of incident wave & |A[2

§3.2 Probability conservation implies 7'+ R =1

The state of system corresponding to wave function ug(x), solution of time inde-
pendent Schrodinger equation for energy FE, has time dependence given by

Hup(z) = Fug(r) = wave function at time t = 1(x,t) = ug(z)e /" (19)
Hence the probability density, as given by p(z,t) = [ (z,t)|> = Jug(x)|?, is inde-
pendent of time. In fact the probability current j(x,t) is also independent of time.
Hence the probability conservation equation of continuity (in one dimension) takes
the form

0, 0 _ o 0 _

otV o

Therefore j(x,t) is independent of x also. We therefore compute the flux density at
large distances using the wave function at large distance in Eq.(I4)

2,
0 (20)

4 hk
j(=o0) = —(|AP ~|BJ*), (21)

m

. hq 2 2 hq, o
= — —|D]") = — D= 22
jiroo) = Z(ep—|pp)= Ao, D=0 (22)
and equate the values at +o0o and —oo:
hk hq

o _ _AQ_B2:_C2 23
j(=00) = j(+oo) = —(|A] — [B[") = |C| (23)

The last relation can be rearranged to give 7'+ R = 1.



	Question [1]
	Question [2]
	Question [3]
	Definitions of Reflection and Transmission
	Potential properties at 
	Set up solution for E > V!, V2
	Assume incident wave comes from -
	Apply boundary condition for x
	Define reflection and transmission coefficients

	Probability conservation implies T+R =1


