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LECTURE 1 : INTRODUCTORY REMARKS

The constant ¢’ entered physics as the ratio of two systems
of units. Lorentz transformations do not actually require the
postulate of constancy of velocity of light for their derivation.
The essential part of special relativity is the relativity of si-
multaneity, which leads to revision of our views on spacetime.
The space time of special relativity is seen most clearly in
Minkowski diagrams. The four-dimensional spacetime and the
group character of Lorentz transformations requires that all
physical quantities be either scalars, or 4-vectors or tensors
ete.

Equivalence Principle (1907) allows simple conclusions like
slowing down of clocks in gravitational field. The principle
was an important step towards search for a relativistic theory
of gravitation.

8§ 1: ‘c’ for ‘constant’

The letter ‘c’ which we identify with the speed of light entered
physics as a constant denoting the ratio of two ways in which
electro-magnetic units can be defined. Two equally charged
bodies placed at a unit distance repel each other by electro-
static force. The (equal) amount of charge (in the two bodies)
which will produce a unit force was called one electrostatic
unit (esu) of charge. This charge therefore has dimensions
(the dimension of a physical quantity is denoted by enclosing
its name in square brackets)

[esu of charge] = Vforce x distance

On the other hand two parallel currents separated by a
line normal to them attract each other by an inverse square



law (Ampere’s law) where the force is proportional to currents
as well as length of current elements (say dl)

(current)? x (di)?
(distance)?

force o

Therefore, an electro-magnetic unit (emu) of current is de-
fined as that which will produce a unit force at unit distance
according to this formula. An emu of charge then is the charge
that passes in unit time by one emu of current. This charge
has dimension

[emu of charge] = vforce x time.

The ratio of the two units is a constant ‘¢’ of the dimensions
of velocity. Since we cannot use units of different dimensions
for the same physical quantity, the constant ‘c’ hangs about
in equations of electromagnetism when we choose one or the
other system. Magnetic effects of currents are much, much
smaller than electrostatic effects, therefore one emu of charge
is a huge number when expressed in esu’s.

The charge in a big condenser was measured by two differ-
ent methods by Weber and Kohlrausch in 1856 to determine
the constant c. A big condenser, called ‘Leyden Jar’ in those
days, (and there is a story why it was called a Leyden jar) was
charged and its charge was measured by electrostatic meth-
ods as well as by electromagnetic methods by discharging the
condenser and producing a current. Their value was

c=3.1x10" cm/s.

Kirchhoff immediately noticed its near equality to the known
value of speed of light and gave a theory for propagation of
electric fields in perfect conductors with this velocity. Maxwell’s
paper (1864) “A dynamical theory of electromagnetic field”
finally identified the constant ‘¢’ as the speed of propagation
of all electromagnetic fields.



Remark 1 Reference for this section Edmond Whittaker, His-
tory of Theories of Aether and FElectricity, Vol 1, p.232, Humani-
ties Press New York, 1973. The accidental discovery of the Leyden
jar in 1745 by Professor Muschenbroeck of Leyden can be found
in the book on page 45.

§ 2 : Lorentz transformations

It is generally believed that the derivation of Lorentz trans-
formations (which were known since 1892) involves two ‘basic
postulates’ of special relativity: namely the ‘principle of rel-
ativity’ which requires the equivalence of all inertial frames
and the principle of ‘the constancy of the velocity of light’.
This later assumption is not really necessary. This has been
known since the earliest days (Ignatowsky, 1910; Frank and
Rothe, 1911; and rediscovered several times later by scores
of people), that the following three assumptions (all of which
follow from the equivalence of inertial frames), are sufficient:

1. velocity of one frame relative to another is equal and
opposite to that of the latter with respect to the former

2. transformations in the same direction form a group, that
is, two successive transformations in the same direction
produce a similar transformation between the first and
last frames

3. the length of a rod when attached to a frame when mea-
sured in another frame should be the same as when it is
attached to the second frame and measured by the first.

Here is a simple proof I worked out for this lecture.

Let (z,t) and (2/,t') be the two frames S and S’ with
S’ moving with velocity v along z axis with respect to S.
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Galilean transformations are inadequate because they do not
respect equations of electromagnetic phenomena. The gener-
alized choice is

(v)=(e5)(0)

where A, B, C, D are functions of the relative velocity v, that
is A = A(v) ete. Since the origin of S’ (2/ = 0) moves with
velocity v we must have B = —vA, therefore the form is

(v)-(e5Y)(0)

The inverse transformation is

()-( ()
where A~ = A(—v) etc.

Length of a rod is the difference between the coordinates
of the ends of the rod at the same time in the frame in which
measurement is being made. So a rod at rest in S” with ends
at «} and 2}, = 2} + L will be seen for t; = t5 in frame S to
have length L/A. Conversely the same rod when placed in
frame S will be seen by S’ to have length L/A~. Therefore,
we must have

A=A".

The inverse transformation can be directly calculated by
inverting the matrix as

(1) =ama (& 0)(V)



Comparison shows that A = D = A~. We can pull A out in
the matrix and the form is

x 1 —v x
(0)=ale ) ()
where F' = C'/A is another function of v.

Let a third frame S” move with velocity v* with respect
to S’ in the common direction. Then the frame S” and S are
related by the matrix (A* = A(v*) etc.)

(1 —v I —v*) f 1—vE" —v—0*
N O | i BN G iy
In order to have the same standard form, vE* = v*F, so that

*

v v .
oo constant independent of v or v* say = a.

The transformation connecting the two frames S and S’ there-

fore has the form
1 —
A ( v/ 1 ) ’

S (e 1)

which should be equal to

A_<—1)1/04 ;}>_A<—vl/a 11)>

This determines

whose inverse is



This is the most general form. When « is a very large number
these become the Galilean transformations. Experimental de-
termination (of electromagnetic phenomena for example) re-
veals that the constant (which has the dimensions of velocity
square) is given by

a=—c
where c is the electromagnetic constant or the velocity of light.

Remark 2 Reference for historical comments in this section, W.
Pauli, Theory of Relativity, section 4, Pergamon Press 1958.

§ 3 : Relativity of Simultaneity

The Lorentz transformations reveal the structure of space-
time, as was discovered by Hermann Minkowski in 1908.
The Lorentz transformations

/ /

v =q(x—ot), t' =yt —vz/P?), v =y, F =2

where v = 1/4/1 — v?/c? can be depicted in a graphical form
symmetrically if we define 2° = ct, 2! = z,2% =y, 2® = 2z and
similarly for ¢/, 2’1/, 2. with these

()" = (@' = Ba?), ()" =~(a" - Ba?),
(x/)Z — (L’Q, ($,)3 — ZL‘S

where 8 = v/c.

For simplicity let us consider only 2° and z!. In a plane we
can take any two nonparallel straight lines as the 2° and !
axes with the point of intersection as the origin. The z%-axis
is the straight line 2! = 0 and the z'-axis is the line 2° = 0.
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This allows all ‘world-events’ to be shown on the plane using
a grid of lines parallel to the two axes.

We show the 2° and x! - axes as orthogonal here, for con-
venience but that is not necessary at all! Any two non-parallel
lines are good enough.

Similarly the (2)°-axis is the straight line (z/)! = 0 or
z! = B20. And the (z/)'-axis is the line (z/) = 0 or z! = B2°.
If 3 is positive (it ia always less than one), the (2/)° and (z')!
axes are as shown. For a signal of light (starting from the
origin) in both directions 2° = +z! as well as (2/)? = £(z')".
These are the bisector lines of all pairs of axes. If we add
22, 23 coordinates as well, then the light signals will trace out

a surface in four dimensions called the light cone.

ct-axis
ct’-axis

A
Ctl = Ctz , .
1 2 x'-axis

ct!
ct!
T-axis

Relative Simultaneity:

Events 1 and 2 are simultaneous for one frame (¢; = t2) are not so
for another frame (¢ # t5)



We notice the relativity of simultaneity. Two events
in space-time which are simultaneous for (z,t) frame (that is
they have the same value for the time coordinate) are not so
in the other (2/,¢') frame which moves with respect to this
frame.

Consider the trajectory of a particle moving in space time.
For two neighbouring events (1, ct;) and xs, cts) on its tra-
jectory in the frame (z,, ct) define

s = (zg — 11)* — Pty — t1)?

It is a consequence of Lorentz transformations that the similar
quantity has the same value for the (z’,t") frame as well

= (ah = a)P = Pty — 1)

Thus this quantity is the invariant distance or invariant
interval between the two events independent of the inertial
frame of reference in which it is calculated.

Because the speed of all objects is less than that of light
s? is actually negative. Define 7 = {/—s2/c? or,

T = (t2 — t1)m = (t, — t’l)m

where v = (29 — x1)/(t2 — t1) and V' = (xf, — 2))/(t), — t))
are the velocities of the particle as determined by these two
infinitesimally close events. Because 75; has the same value
in all frames, it is equal to its value in the frame in which the
particle is at rest (v = 0). Thus 79 is the time recorded by a
clock carried along with the particle.

A particle moves with a non-uniform velocity in general.
We define the proper time along the trajectory of the particle

/dT:/\/l—UQ/Cth
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dr

Y

Proper time:

[dr = [+/1—v?/c*dt

is the time shown by a clock traveling with the particle

Any two observers who start from the same point, go in
different directions and later come again and compare their
watches, will find them not agreeing in general. This is no
different that the fact that two curves on a plane which start
and finish at the same two points have different lengths in
general.

§ 4 : Minkowski diagram

(Minkowski was a mathematician and a teacher in the
same ETH in Zurich where Albert Einstein studied from 1896
to 1900. But Einstein hardly ever attended Minkowski’s classes,
so Minkowski was quite surprised to learn that one of his for-
mer students had discovered relativity.)
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A point in Minkowski space-time is called an event. It
is specified by the spatial coordnates x = (z!, 22, 2%) of the
point and the time ¢t. We denote by z# = (2° = ct, 2!, 22, 23)
the coordinates of an event where the time coordinate t is
multiplied by the light velocity ¢ in order to get greater sym-
metry in the formulas. It also makes all the four quantities
have the same physical dimension of length.

This four dimensional space, called the Minkowski space
differs from the usual three dimensional FEuclidean space in
one crucial way. The length squared between two points in
three dimensional Euclidean space is given by the positive
definite expression

(x—y)(x—y)=(@"—y)+ @ —y) + @ —y’)

which is always positive. In the Minkowski space the square
of the interval is given by

(z—y).(z—y) = =@ ="+ @' =y + (@ -9+ (° —¢*)?
= (@ =)+ x-y)(x-y)
N (2" — ) (2" — 9”)

where we use summation over indices p,v = 0,..,3. This
expression can be positive, negative or zero. The numbers 7,
are elements of a matrix 7 which are equal to —1,+1, 41, +1
on the diagonal and zero elsewhere.

The important point is that this interval between two
space time events x and y is tnvariant, that is a number which
has the same value in all coordinate frames.

Each inertial frame of reference is represented by a choice
of axes in this space. Lorentz transformations between in-
ertial frames are 4 x 4 matrices A which connect the coor-
dinates 2, 2!, 22, 2% and 2/°, 2%, 22, 2”® corresponding to the

same physical event (written as column matrices) : =’ = Az
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which must satisfy the condition that the interval has the
same invariant value s? = (z —y).(x —y) = (' —¢/').(x' — /)
for a pair of events whose coordinates in one frame are x nd
y and in the other 2’ and ¥/.

Minkowski Diagram
The (2)%-axis corresponds to 2! —32° = 0, and the
(2")!-axis corresponds to 2° — Bx! = 0. The hyper-
bolas correspond to points at constant space-like
and constant time-like distances from the origin.
The 45° lines denote the light cone.
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Between any two infinitesimally close space-time events
with coordinates x* and z* + dx* the infinitesimal interval
can be written

(ds)? = 0, da"dz”

When the interval is positive the events are called space-like
separated, when it is negative they are time-like separated
events, and when it is zero they are light-like separated.
If a point particle is present at = and also at = + dz then (as-
suming dt > 0) its velocity v = dx/dt where x = (z!, 22, 2%),
is related to the invariant interval as

(ds)? = —c*(dt)? + (dx)* = —c2(dt)* + v*(dt)? = —(c* — v?)dt?

As the particle cannot have velocity greater than that of light
the interval is time-like. We call

1 2 %
dr = —\/—nwdztdz = dt (1 — \/2>
c c

the proper time between the particle’s two successive space-
time positions. The invariant number dr is the time as seen
by an observer in the rest frame of the particle, because for a
clock traveling with the particle, the velocity v is zero.

For an arbitrary motion of the particle, the sum of in-
finitesimal proper times along its four dimensional trajectory
will be the time shown by a clock we can imagine traveling
along with the particle. Two clocks starting from the same
initial event and showing the same time at that event can fol-
low separate trajectories and may meet again at a common
space-time point later on. But on comparison will show differ-
ent times in general. The integrated proper-times along the
two trajectories need not be equal. This is no more surprising
than the fact that arc-lengths of two arbitrary curves between
two fixed points in Euclidean plane are different in general.
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In fact the proper time plays the same role as the length of a
curve in Fuclidean space.

The motion of a mass point can be described by a curve
x(7) in space-time, where 7 is the proper time labelling points
on the trajectory curve. For a free particle without any force
acting on it the trajectory is a time-like straight line in space-
time :

dxt d?at

7:(]/’1‘7 :O

dr?

z#(1) = a*(0) + TU*,

A time-like straight line in space-time between two fixed points
is a geodesic, that is, a path for which the integral of ds along
the path is extremal. A variational principle can be written
with action A

0A = —m025/d7 = —mcd/ \/ —Nwdatdz” =0

This looks a little more familiar if we rewrite it in non-relativistic
limit of small velocities |v| << ¢

A= —mc /dT——mc /dt(l—) ~ —mc? (ty —t1) + /mv

where the first term depends only on the endpoints and the
second term shows the kinetic energy as the Lagrangian of a
the free non-relativistic particle.

In four dimensions, dynamics becomes geometry. The
force free motion becomes straight lines or extremal paths
given by o [dr = 0.

Light signals also move along straight lines but the proper
time along the line is zero.

§ 5 : Four dimensional quantities
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The main lesson of Minkowski’s contribution to special
theory of relativity is that that physical quantities have a
four dimensional character. Quantities which were described
by three-vectors (that is vectors with three components) be-
fore the theory of relativity are seen to have a fourth partner
corresponding to the time-axis. Such quantities were called
four-vectors.

For example the “four-velocity” of the particle U is defined
as the derivative with respect to the proper time : it is the
tangent vector to the trajectory.

U# = 9 (v, v (VD) (1)

where v! = dz'/dt the usual three-velocity of the particle.
Note that the three-velocity is not just the “space” part of
the velocity four vector. Note also, that all four components
of the velocity four-vector are not independent
dx* dx”
<UU >=n——— = —C 2
T dr dr )
We can say that the four-velocity of a material particle is a
time-like vector of constant magnitude.

At any (proper) time 7 there exists a coordinate system in
which the particle is momentarily at rest, that is, its velocity
four-vector has components (¢, 0,0, 0).

8§ 6 : Equivalence Principle

Imagine a box the size of a small room with an observer
inside it resting on Earth’s surface. The observer cannot see
out of the box. Sitting inside she can infer that there is a
gravitational field by observing that bodies in the box fall
with the same acceleration g.

14



Now take this box (alongwith the observer) to a place far
away from gravitating bodies like the Sun or Earth and (with
respect to any inertial frame) give a constant acceleration to
the box.

To the observer inside everything would again be seen to
fall with acceleration g and there would be no way of knowing
that she is not, in fact, in a constant gravitational field.

This equivalence of constant gravitational field with the
physical effects in an accelerated frame was called by Einstein
the Equivalence Principle. He made an even stronger as-
sumption that one would not be able to ditinguish between the
two situations by any physical experiments (and not merely
the mechanical experiments used for measuring the accelera-
tions of bodies). Sometimes this is called the Strong Principle
of equivalence.

An immediate consequence of the principle is that an ob-
server falling freely in a constant gravitational field would be
in an inertial frame. The freely falling observer experiences
no gravitational field ! Every object around her will fall with
the same acceleration under gravity and there would be no
motion ascribable to gravity.

Using special relativity it was possible to find physical ef-
fects in an instantaneous frame “comoving” with an acceler-
ated frame, and by using the Equivalence principle one could
therefore guess what would happen in a gravitational field.
For example, Einstein proved in 1907 that clocks near a mas-
sive body (where gravitational potential is lower) run slowly
compared to clocks farther away.

We follow Einstein’s argument of 1907 to show that clocks
run slowly where gravitational potential is low compared to
clocks at higher value of potential.

15



Let there be an inertial frame S with respect to which an-
other frame S is at rest at t = 0 with coinciding axes and the
origin. Let S; start accelerating in the x-direction at t = 0
with acceleration g.

S:(x=0)
Ci: (x=gt?/2) Cy: (x=L+gt?)2)
S’ C
7(0,0) ~ At(1 + gL/c?)
At T(OlA) ~ At T(OQB) ~ At
O, L O S:(t=0)

Einstein’s argument of 1907
Clocks run slowly at lower gravitational potential.

Let there be two clocks C; and Cs in the accelerating frame
Sy. They are at events O; and Oy at t = 0 as seen by S. As
shown the trajectories of the clocks C; and Cy according to
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frame S are given by x1(t) and x4(t) where

1 1
zi(t) = =gt®,  wo(t) = L+ =gt*
2 2
These equations describe the accelerated frame at low enough
velocities, that is, at small values of ¢.

It is clear from the diagram that the clock Cy (at event C')
will show more time that the clock C at A. Actually,

7(0:C) = 7(01A)(1 4+ gL/c?)

Therefore, in the accelerated frame, which feels a constant
gravitational field in —z direction , the clock at ‘height’ L
shows a reading At(1 4+ ®/c*) when at the same instant (ac-
cording to this frame) the clock at the origin shows a reading
At. Here ® = gL is the gravitational potential difference
between the locations of the clocks.

Similarly one can prove that light rays moving in a grav-
itational field bend from rectilinear path in the direction of
the gravitational field.

These are preliminary results of an incomplete theory, but
were crucial for progress.

Gravitational fields can be appproximated to be uniform
only in very small regions of spacetime. The equivalence prin-
ciple therefore holds only in such regions. Fortunately, laws of
physics are expressed in terms of local differential equations
for quantities like fields. Therefore the priciple can be used
to generalise laws from their formulations in a ‘freely falling
local inertial frame’ to arbitrary gravitational fields.

The equivalence principle proved to be the guiding princi-
ple for finding the general equations. One was required to put
(in a suitable form) the equations in the inertial freely falling
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frame where we knew the special theory of relativity holds,
and then declare them to be valid for all frames of reference.

8 7 : Need for the Riemannian geometry

There are three physical questions to be answered for a
relativistic theory of gravity : (1) which quantities describe
the gravitation field? (2) what are the equations that relate
the gravitational field to matter-energy distribution? and (3)
what is the equation of motion of a particle in the gravita-
tional field.

In the Newtonian theory the gravitational potential ®(x)
describes gravity. At any instant the matter distribution is
given by the mass density p. This density determines the
potential at the same instant of time by the Poisson equation

V20 = 47p

In this gravitational field a mass point moves along a trajec-
tory determined by

d*x
— ==V

dt?

It looks natural to generalise ® into a scalar field to de-

scribe gravity in the relativistic case. But such a theory pro-
posed by Einstein and others between 1908-1912 does not
work.

The first clues came from the equivalence principle.

According to the Equivalence Principle, there must exist in
a small region of space-time a coordinate system X°, Xt X2 X3
in which the equation of the particle is a straight line i.e. force
free.
d> X+

dr? =0
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This equation can be derived from the variational principle
0 [ dr = 0. In a general coordinate system, the same equation
holds because dr is invariant :

Aldr)? = —(ds)?
= (dX°)? = (dX")? = (dX?)* — (dX°)*
= —gpdatdx”

where g, are determined by the relation between the coordi-
nates X* and x*
0X*ox”
o =100 G

In a general frame the particle will be seen moving under
the influence of gravitational forces, along paths determined
by 0 [ dr = 0 where proper time dr is given by the expression
in terms of g,,. Therefore g,, must be intimately related
to the gravitational field. The first question (about which
quantities represent gravitational field) was thus resolved.

This expression for (d7)? is the familiar ‘line element’ in
the Gauss-Riemann geometry. It became clear that the Rie-
mannian geometry is the proper tool for gravitational theory.

Working along these lines, Einstein collaborated with his
mathematician friend Marcel Grossmann. The equation § [ dr
0 was seen to lead to the equation for the ‘straightest curve’
or the geodesic

d*at o da¥ dx”
dr? YCdr dr
where I'¥) | are expressions in terms of derivatives of g,,,. These

quantities will be defined later.

In the non-relativistic limit, this equation reduces to the
Newtonian equation if we take, for (z° = ct)

20
Joo = — <1+ 2)
c
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From the form of the equations for the particle, I' appear to be
related to gravitational force and the g,, play the role of the
gravitational potential. This takes care of the third question
above.

The search for the field equations which determine g,,,
from a knowledge of the energy-matter distribution, (that is,
the second question in our list) took the greatest effort. After
many false steps Einstein finally arrived at the correct theory
in November 1915.

§ 8 : General Theory of Relativity

As we have seen, it is the geometry of space and time which
departs from the Eulidean. The Minkowski space of special
relativity has a non-FEuclidean metric or line element.

Einstein’s final version of the theory regards the spacetime
as a four dimensional Riemannian space or manifold.

Let the neighbouring points have coordinates = (2%, 2!, 22, 23)
and z 4 dr = (2° +do), 2! + dat, 2 + da?, 2% + dx®) where 2°
is a ‘time’ coordinate and 2%,i = 1, ..., 3 refer to space. The
infinitesimal distance squared is given by an expression

ds?® = Guvdxtdx”

where indices p,v = 0,...,3. Different coordinates systems
can be used to specify the same space-time points, but the
quantity ds? remains the same. This invariance of ds? de-
termines how the metric tensor components change from one
coordinate system to other.

The special theory of relativity as interpreted by H. Minkowski
in 1908 uses a spacetime in which the metric tensor

Guv = Nuw
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has non-zero components

Moo = —1, M1 =Tz =133 =1

Lorentz transformations are precisely those coordinate changes
in which these constant values of 7,, remain the same. A
spacetime continuum in which it is possible to choose a coor-
dinate system which makes g, constant everywhere like here
is called flat or Minkowskian.

In the presence of gravitating matter, g,, get modified,
and it is not possible to choose coordinate systems in which
they can take constant values. The space becomes curved,
and the measure of curvature is the Riemann-Christoffel cur-
vature tensor. Its components R,,,. depend on g, and
their derivatives up to second order.

The curvature tensor is the true measure of the 'real’ grav-
itational field that cannot be transformed away by a choice of
coordinates. Even so, in a very small neighbourhood of space-
time point one can choose a coordinate system such that the
derivatives of g,, vanish at the point. Therefore those effects
which depend on the first derivatives of the g, (like the ac-
celeration of a particle falling in gravity) are indistinguishable
from that of a particle moving in gravity-free region. This is
the physical content of the Equivalence Principle.

The g,,’s are determined by energy and matter distribu-
tion by the Einstein Equation
1 8t
G/J,V = R,ul/ — ig/“,R = 7T/‘V

where the Einstein tensor G, is a simple combination of
the so called Ricci tensor given by R,, = R, and the
scalar curvature R = ¢"'R,,,.

c and G are the velocity of light and the Newton’s gravi-
tational constant G. The constant multiplying the the right
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hand side is chosen so that in the non-relativistic limit the
theory gives the Newton’s law of gravitation.

The right hand side, contains 7},, the stress-energy ten-
sor of matter which contains information about momentum
and energy densities and pressure of matter and radiation.

Material particles move in the gravitational field deter-
mined by g, along geodesics, the “straightest possible” curves.
The equation for such curves x#(7) is

d?xt i dz? E

dr? e dr dr

where I'Y  called Christoffel symbols are functions of g,, and
their derivatives.

Light rays also move along geodesics except that along the
path the interval dr between any two neighbouring points is
ZEro.

It must be remembered that curves corresponding to mo-
tion of a body in a gravitational field are the straightest pos-
sible in space-time and not in the three dimensional space.
Thus a particle thrown vertically upwards in Earth’s gravity
may seem to have a highly curved path at its turning point in
the three dimensions of space, but it is as straight a path as
can be in the four dimensional space-time. This spectacular
‘straightening’ happens when we go from the three dimen-
sional projection of the trajectory to the actual curve in four
dimensions because the speed of light has a very large value
compared to ordinary velocities.

General theory of relativity is a theory of gravitation in the
narrow sense that if there was no gravity then special theory
of relativity would suffice.

In the broad sense it is a fundamental theory which in-
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cludes all physical phenomena because gravity acts on every-
thing. As gravity is a weak force at ordinary distances and
mass densities, the corrections to Newton’s law of gravitation
are small. The typical corrections to Newtonian theory are of
the order of the dimensionless number GM/rc¢? where M is
the mass of the gravitating body, r the typical distance scale
of the problem.

For example, a clock at a distance r from a spherical body
of mass M runs in a ratio /1 — 2G M /rc? slower than a clock
very far away from the body. This leads to frequencies of
spectral lines emitted by atoms, (atoms act like a clock), at
a distance r away from the massive body to be reduced by a
fraction GM/rc* when seen by a far away observer. This is
called gravitaional red-shift (because in the visible spectrum
lower frequencies occur near the red). For the atom sitting on
the surface of the Sun this comes to be of the order of 107°.

The angle of bending of light from a distant star grazing
past the surface of the Sun is 4GM/Rc? where R is the radius
of the Sun.

Similarly, the angle by which the elliptical orbit of a planet
fails to close in one revolution comes out in Einstein’s theory
to be 67GM/Lc* where M is the mass of the Sun, and L, the
latus rectum of the orbit. For the innermost planet Mercury
(which has the smallest value of L) this angle comes out to be
equal to 43” of arc in a hundred years (415 revolutions of the
planet). This “precession of the perihelion” was the observed,
but unexplained, leftover discrepancy in the orbit of Mercury
after all known causes for this phenomenon had been taken
into account. This was a great triumph for the general theory
of relativity.

Gravitational disturbances, which mean perturbations in
the values of g, caused by changing matter distribution travel
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out as gravitational waves, taking away energy. However the
direct evidence of gravitational waves is yet to come. An am-
bitious world-wide program for the detection of gravitational
waves is currently underway and the first results are expected
soon.

One of the most dramatic application of general theory of
relativity is in the gravitational collapse and formation of
black holes. One finds that an idealised, extremely heavy
mass concentrated at a point or very small region so that this
region is inside the its Schwarzschild radius Rg = 2GM/c?
will give rise to a gravitational field so strong that even light
cannot escape from this region. Such a region is called a black
hole. It is a consequence of general theory of relativity that if
a sufficiently large mass distribution begins to collapse under
its own weight there may be no known forces of nature to stop
it. In that case the collapse goes on unchecked and the mass
densities may reach such high values whose physics we do not
understand. The space-time is so highly curved around the
cores of such objects that light gets bent and ‘sucked back
in’, unable to escape. There are believed to be black holes of
all sizes existing in Nature, ranging in total mass from a few
solar masses to blackholes of a billion solar masses residing in
the centers of most galaxies.

An application of the general theory of relativity is to the
behavior of the universe itself. Assuming the universe at the
largest distance scales (of a few billion light years) to be uni-
form and isotropic it is possible to infer from Einstein’s equa-
tions that the universe must have started from a hot fiery ball
which has been expanding ever since. The field of cosmol-
ogy has received a great boost in recent years due to fantastic
progress in observational astrophysics.

All the same the general theory of relativity is a classical
theory. Physicists believe that all phenomena, at the appro-
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priate level, must be described by a quantum theory. All at-
tempts to quantize the classical gravitational field described
by Einstein’s theory have been unsuccessful so far. Physicists
hope to learn something deep and fundamental once they are
ultimately successful in doing that.
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LECTURE 2 : VECTOR AND TENSOR ALGEBRA

A wector in a vector space V' can be represented by a set of
numbers called its components once a basis i1s chosen. When a
new basis is chosen, the components change by a matriz which
1S the inverse transpose of the matrix with which the basis
was changed. Thus the components transform contravari-
antly. The set of all linear functionals on a vector space V
itself forms a vector space V*, called dual to V', of the same
dimension under obuvious definitions of additional and scalar
multiplication. Moreover, a basis can be defined in V* given
a basis in V in a standard way. When a basis is changed
in V', the dual basis in V* changes by the inverse transpose
matrix so that components of vectors in V* change by inverse
transpose of inverse transpose of the matriz which is the origi-
nal matrix. These vector components transform covariantly.
Bilinear functionals on a vector space define vector spaces too,
related to their tensor product. The exterior or ‘wedge prod-
uct’ s an antisymmetric combination of tensor products.

8 9 : Vector Spaces

A real vector space V is a set whose members, called
vectors, have two operations defined on them. Two vectors
can be added to give a vector called their sum, and, a vector
can be multiplied by a real number to give a vector. A vector
space has a special vector 0, called the zero vector, which
has the property that when added to any vector of the space
the sum is this latter vector.

Two (non-zero) vectors are called linearly independent
if they are not proportional to each other, that is, one can not
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be wrtitten as a number times the other. More generally, a set
of r non-zero vectors vy, ..., v, is called linearly independent
if none of them can be written as a linear combination of
any, some or all the others. A linear combination of vectors is
just the sum of these vectors after they have been multiplied
by numbers.

If vectors vq,...,v, are linearly independent then a;v; +
-+++a,v, = 0 implies that a; = - -- = a,, = 0 because if any of
the a’s fail to be zero, let us say, a # 0, then, by dividing by
aj in the equation we can express vy in terms of the others.

Let there be a set of linearly independent vectors. Let us
adjoin to this set a new non-zero vector, then this set can be
linearly independent, or it may fail to be linearly independent.
We can try to make a set which is the largest possible linearly
independent set by adjoining only those vectors which make
the larger set linearly independent.

We will deal only with those spaces, called finite dimen-
sional vector spaces, in which this process of finding the
largest set of linearly independent set comes to an end and
we have a finite set vy, ..., v, of linearly independent vectors.
Any other vector of the space can then be written as a lin-
ear combination of these vectors. Whichever way we choose
the set of linearly independent vectors, it always contains the
same number n of vectors.

A set of vectors like these is called a basis. The number
n of independent vectors is characteristic of the space and is
called the dimension of the space.

§ 10 : Dual vector space

A functional « defined on a vector space V' is a mapping
which assigns to each vector v € V a real number a(v). If
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this mapping satisfies the linearity property, that is for every
v,u in V and any real number a if

a(v+u) = a(v) + a(u) (3)

alav) = aa(v) (4)
then we call o a linear functional.

Now consider the set V* of all linear functionals on the
space V. We can define addition and multiplication on linear
functionals by

(a+B)(v) = a(v) + B(v)
(ac)(v) = aa(v)

With these definitions V* becomes a vector space whose
zero vector is the linear functional which assigns number zero

to each vector of V. The space V* is called the vector space
dual to V.

§ 11 : Change of basis

Let V' be a vector space of dimension n and let F = {e;}?,
be a basis in V. We write a vector v € V' in terms of the basis
as v = x'e; where there is a sum over i on the right hand
side from 1 to n. We shall use this tacit assumption of a sum
over a repeated index without showing the sign of summation.
This is called the Einstein summation convention. Any
exception to the convention will be explicitly pointed out.

The numbers z,i = 1,...,n are called components of
vector v with respect to basis £. We are using another con-
vention by writing the components with a superscript.
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Let F' = {f;}I", be another basis of V' whose vectors can
be expanded in terms of the old basis vectors as

f;=T/e; (5)

The numbers T}/ can be treated as elements of a matrix, with
row index ¢ and column index j. It is an invertible matrix with
the inverse matrix giving coefficients involved in expanding
members of basis F in terms of those of F'.

Let the components of a vector v with respect to basis F
be 4* then

v =y'f, = yiﬂjej = :vjej
Therefore,

y =l (17N = (1T ! (6)

We state the above result as follows : when the basis
changes from F to F' by matrix T then the components of
a vector change by the matrix (71)T.

§ 12 : Dual bases

Because of linearity a functional o € V* is defined com-
pletely if we give its values on a basis of V. As

a(v) =) 2'ale;)

« is defined if we know the numbers a; = «(e;). This gives us
an idea how to defiine a basis in V*. Let ol € V*,i=1,...,n
be defined as

o'(e;) = ot (7)



where the Kronecker delta 5;. has the value 1 if i = j and 0
if i # j. Any vector a € V* can be written @ = a;a" where
a; = a(e;) as can be checked by operating o on an arbitrary
vector v = v'e; :

a0 (VVej) = a’ 0! = ap' = v'a(e;) = av)

This shows that {a’}?" ; form a basis in V*. The basis A =
{a’}1 | is called the basis dual to the basis E. For every
basis of V' there is a dual basis in V*.

§ 13 : Change of the dual basis

Let B = {$'}"_, be dual to the basis F discussed above in
section 5.1.3

5i(fj) = 5;» (fi = Tz'jej)
then B is related to A by by (T—1)T

because
Bz(f]) — (T—I)leak(leel) — (T—l)leTjk — 5;

This means that if « is any general vector in V* with compo-
nents a; in basis A : a = a;a’ then the components b; with
respect to basis B (a = ;%) will be related to a; by the
inverse transpose of (T~!) that is by T itself.

§ 14 : Contra- and co-variant vectors

If we start with the space V' and change basis in V' by a matrix
T then components of a vector in V' transform contravari-
antly, that is, by (T71)T whereas the components of a vector
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in dual space V* (due to corresponding changes in the dual
bases) transform covariantly, that is, by 7" itself.

We emphasize the vectors themselves do not change, it is
only their components that change when bases do.

Notice the use of superscripts for components of vectors
in V' and subscripts for components of those in V*. This is
the standard convention of classical tensor analysis adopted
by physicists.

As can be verified immediately the dual (V*)* of V*is V
itself with the linear functional v € V** =V on V* acting as

This makes the designation of contra- and covariant quantities
a matter of convention. We must decide which our starting
space V' is. Then vectors of V' will have components trans-
forming contravariantly, and those of V* will have components
transforming covariantly.

In our application of vectors and tensors to differential ge-
ometry fortunately there is a vector space singled out uniquely.
That is the tangent space at any point of a differentiable
manifold.

8 15 : Tensor Product

Just as the set of linear functionals on a vector space V form a
vector space V*, the set of all bilinear functionals which map
a pair of vectors of V into real number form an n? dimensional
space V* ® V*.

Let V be a vector space of dimension n.

31



Consider the Cartesian product set V' x V. This is the set
whose members are ordered pairs like (v, u) of vectors v, u of
V. This cartesian product is just a set and not a vector space.

A bilinear functional ¢ on V' x V is a mapping which
assigns to each pair (v,w) € V x V a real number ¢(v, w)
with the following properties

tlu+v,w)=t(u,w)+t(v,w), t(av,w) = at(v,w)
t(u,v+w)=t(u,v)+t(u,w), t(v,aw) = at(v,w)

The set of all bilinear mappings on V' x V forms a vector
space W if we define the sum of two bilinear mappings and
multiplication by a number as

(t+5)(v,w) = t(v,w) + s(v, W), (at)(v, W) = at(v,w)
We shall presently identify this space W as the n? dimen-

sional space called the tensor product of the vector space V*
with itself.

§ 16 : Tensor product 7% = V* @ V*

Let a and (8 be two linear functionals on V', that is, mem-
bers of V*. We can form a bilinear functional out of these as
follows.

Let a ® [ called the tensor product of « and 5 be given
by:

(@@ B)(v,w) = a(v)B(w) (8)

It is trivial to check that this indeed is a bilinear functional.
This definition also gives us properties of this tensor product.

a®(B+7)=axB+a®7, a® (af) =ala® ) (9)
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(a+p)@y=a@v7+@y  (aa)® S =ala®B) (10)

The vector a ®  belongs to the vector space W of all bi-
linear maps on V' x V. A vector of this type is called decom-
posable or factorizable. An arbitray bilinear functional on
V x V is not decomposable but can always be written as a
linear combination of such vectors.

A bilinear map ¢ is completely determined by its values
tij = t(e;,e;) on the members of a basis E because of the
linear property. It can be actually written as

t = tijozi ® O[j

using the dual basis because ¢t and t;;a’ ® of give the same
result when acting on an arbitrary pair (v, u) :

(tijai®aj)(v,u) = t(ei,ej)ai(v)aj(u)

= t(v,u)

The last line follows because for any vector the identity v =
a'(v)e; holds.

We also note from this result that the space W is n? di-
mensional and that {a'®a’};_, form a basis in it. We denote
the space W by V*® V* or by T¥ and call it the tensor prod-
uct of the space V* with itself. Members of Ty = V*® V* are
called covariant tensors of rank 2 or (0,2) tensors. The
components t;; of tensor ¢ in the basis {a' ® o/};_, change

to tj; in basis {#' ® #7}7,_; and they are related as

t = t(f,£;) = (T"er, Tj'e) = Ti*T 'ty (11)
§ 17 : Tensor product T3 =V @V

We have already noted that just as V* is dual to V, V
is dual to V*. Thus starting with bilinear functionals on the
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cartesian product V* x V* we can define the tensor product
v ® w of vectors in V' exactly in the same manner as in the
last section. The resulting space V ® V' is called the tensor
product of spaces V. Its vectors are called contravariant
tensors of second rank or (2,0) tensors.

A basis in the space V @ V is given by {e; ® e;}7,_; A
tensor t € V ® V' is completely determined by its values on
(a',a?) that is by numbers ¢t = t(a’, a’). It is obvious that
we can write ¢ = tYe; ® e;. Under a change of basis from F
to F' by a matrix 7', the components of a contravariant vector
transform as

09 =15, ) = (T b, (17T 0) = (17T (11T #(12)
§ 18 : Multilinear functional and T?

The formalism of the last sections can be generalized to mul-
tilinear functionals. A multilinear functional ton V' x---xV
(r-factors) is a map which assigns real number #(u,...,w) to
ordered set of r vectors of V, (u,...,w) in such a way that

ttu+v,...,w)=t(u,...,w) +t(v,...,w)

tlav,...,w) =at(v,...,w)
with similar equations for each of the arguments.

Exactly as in the bilinear case one can define a ® --- ® 3
(r-factors) as the multilinear functional

(@ @A) (u,....,w) = a(v)- - B(w) (13)

The vector space of all such multilinear functionals is called
the space T = V*® - - - ®@ V* of covariant tensors of rank
r or (0,r) tensors.
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A typical vector in T is a linear combination of decom-
posable vectors of type a ® --- ® 3. Indeed the set {a" @

@A} iy, .. 0, = 1,...,n forms a basis in the n” di-
mensional space TP. Such tensors ¢ are fully specified by n"
numbers ¢; ; = t(e;,...,e;). A basis in this space is given by
A" @ -@al withiq,...,4, =1,...,n.

§ 19 : Spaces Tj;

In a similar manner we can define space Tj = V®---®@V of
contravariant tensors of rank s as the set of all multilinear
functionals on the cartesian product V* x --- x V* (s-factors)
with basis e;, ® --- ® e;, with 71,...,i,=1,...,n.

We can see that T} is dual to Tj.

Let t=® @3, €T’=V*®---®V*. Then t can be
defined as a linear functional on V ® --- ® V as follows : on
decpomposable vectors it is

tvi®--@v,) = (fi®--@6)(Vi® - QV,)
= ﬁl(Vl)"'ﬂr(Vr)

while on vectors which are sums of these the linearity of the
functional is used. This shows that ¢ is in the space dual to
Ty. Vector such as t span T? therefore TC = (T )*.

§ 20 : Mixed tensor space T}

Let T be a linear operator 7' : V' — V on V. Then we can
identify 7" with a bilinear functional on V* x V' (denoted by
the same symbol T') by defining

T(a,v) = a(T(v))
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It is easy to see that T indeed is bilinear. Therefore we can
regard T as belonging to the tensor space T} =V @ V*.

Just as we defined a®f in V*®@V™*, we can define, similarly
u® p eV ®V* Itis a bilinear functional on V* x V' given
by

(u® B)(a,v) = a(u)s(v)

Of course, we can also interpret u® [ as a linear operator

on V by defining (u® B)(v) = f(v)u

Members of the vector spaceT} = V ® V* are called mixed
tensors of contravariant rank 1 and covariant rank 1. A basis
can be chosen in this n? dimensional space by choosing {e; ®
o/} with ¢ and j taking values 1,...,n.

To summarise, tensors of type T} can be considered as
bilinear functionals on V* x V' or as linear mappings V' — V.

The space 1)’ of mixed tensors of contravariant rank
s and covariant rank r (briefly called (s,r) tensors) can be
defined as the set of multilinear maps on V* x --- x V* x
V x -+ x V (there are s factors of V* and r of V). A typical
multilinear map of this typeis v®---Qw®a®---® [ which
gives acting on V* x - X V*x V x --- XV as

(V®®W®04®®6)(7’>C>u>7x):7(v)c(w)a(u)

Such decomposable tensors form the basis
€, Q- Qe, Q" ® - @
A general multilinear map ¢ in 7 is determines by its values
gt o =ta, . a e, )
which allows us to write

t = til'”isjl...jreil QR R e;, ® ajl R R ajr
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§ 21 : Interior product or contraction

Given a covariant tensor ¢ € T\ of rank r and a vector v
we define a tensor iyt € TP ; of rank r — 1 as follows :

(tvt)(V1, .oy Vi) = H(V, Ve, .o, Vi) (14)

The linear mapping ¢, satisfies the following properties :

iv(t+5s) = iv(t) +iv(s) (15)
iv(at) = aiy(t) (16)
iviu(t) = iy(t) +iu(t) (17)
iav(t) = aiy(t) (18)

Similarly, if we are given a mixed (r,s)-tensor T" with
contra- and covariant indices then a contraction between
the k-th contra- and [-th covariant index is defined as an
(r —1,s — 1)-tensor i(k, )T as follows

(Z(k?, l)T)(,Bl,Bz, e ,5T_1,V1, e 7Vs—1)
= ZT(ﬁl,BZ, ol BT v, e, velr) (19)

where the dual basis elements o and e; appear on the k-th

and [-th place. Simply told, in terms of components,

(Z(k, Z)T)il'“ikflikjLL..ir

Y LN [

Jre-Ji—1Ji41---Js

J1--Ji—13Ji+1---Js (20)

§ 22 : Summary

To summarize, we start with a vector space V with a ba-
sis {e;} and define the dual space V* with a dual basis {a'}.
With these spaces and bases as starting point we can define
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an infinite sequence of vector spaces of higher and higher di-
mensions with tensor products. The components of a tensor
are characterised by the way they transform when we change
the basis {e;} to a new basis. This leads to a change in the
dual basis, and to bases in all the tensor spaces.

As a matter of standard established notation observe care-
fully the use of super- and sub-scripts for denoting the mem-
bers of bases in V* and V (respectively) as well as in the
components of contra- and co-variant vectors and tensors.

We can verify the transformation properties of components
of the covariant and contravariant tensors : when the basis
{e;} in V is changed to {f;} as

fi = T)e;
the dual basis changes from {a'} to {5}
Bi = (T~'T)i o
and components of tensors change as

t =T" Ti't.. (21)
t/zﬁ..j — (TflT)ik o (TflT)jltkl (22)

ey = (TflT)i . (TflT)qukm R A (23)

pee

where the primes denote components with respect to the bases
B¢ and f;.

§ 23 : Wedge or Exterior Product

Antisymmetric covariant tensors are extremely important
because of their connection to differential forms, surface and
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volume integrals and Gauss-Stokes theorem. This importance
is reflected in the fact that the antisymmetric part of tensor
products have a different symbol and name to denote it.

For second rank tensors we write
aNB=a® -«

and generalise it to tensors of higher rank.
8 24 : Permutations

Let P be a permutation of r objects. This means that P
is a one-to-one mapping of the set {1,...,r} of first r natu-
ral numbers onto itself. There are r! such mappings. Each
of these can be considered as composed of more elementary
mappings called transpositions, which just exchange two of
the integers and map the rest to themselves. The way in
which transpositions make a permutation P is not unique but
the number of transpositions involved though not fixed is ei-
ther always an even or an odd integer. The permutation is
called even or odd accordingly. Let us define (—1) to be
equal to +1 if P is even and —1 if odd. The set of ! permu-
tations can be made a group under composition of mappings
as the group law. The identity mapping is even. It is also
clear that (—1)P°f2 = (=1)"(=1)2. Tt follows that P! is
even or odd according as P.

Let us define a linear operator on T° corresponding to
permutation P, also to be denoted by P, as follows. Let
By, ..., 08, be vectors in V*. Form the tensor product ; ®
-+ ® (.. Now define

P(B®--®B)=Bpay®- - @ Bpr (24)

It is sufficient to define P on these vectors because any general
vector in T? is a linear combination of such vectors, and P

39



is linear. For two permutations P; and P, we have clearly
P, P, = P, o P, where in this equation the linear operators are
on the left and the mappings on the right.

§ 25 : Exterior or wedge product

We are now ready to define the wedge product of any number
of vectors of V*.

BiNBa A AB = D (-DPB® - ®5,)

P

= Y (=1)"Bpay®@--- @ Bpy (25)

P

If ) is a permutation operator, then

Bamy Aoy A+ Abowy = X (-D"PQB ®---®b,)

P

= (DY (-DFRB - ®5)

R

where we have used R = Po @ and (—1)% = (—=1)P(-1)¢ =
(—=1)P/(—=1)%. Therefore,

Bom A Ba@) A A Bary = (—1)%BL A B A= AB,) (26)

In particular, the wedge product like 51 A o A -++ A 5,
changes sign whenever any two factors in it are exchanged.
Therefore if any factor is repeated, the product is the zero
vector.

Tensors with this property are called antisymmetric. As
a multilinear functional on V' x --- x V|

(BuA By N AN B ) (Vs ve) = det [|Bi(vy)l| - (27)
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Linear combinations of antisymmetric tensors are also an-
tisymmetric, therefore the set of all antisymmetric covariant
tensors forms a subspace A”(V*) C T = V*®---®@V*. These
tensors are also called r-forms.

§ 26 : Bases for A"(V*)

A basis in A"(V*) can be chosen by considering all in-
dependent tensors of the form a® A --- A a'. Obviously,
i1,...,4,. all have to be different, because the antisymmetric
wedge product is zero if any two vectors in the product string
are the same. Also, a particular combination 7y, ..., %, need be
taken anly once because any other product with these same
indices (though in some other order) is £1 times the same
vector. There are as many independent tensors of this type
as the number of ways to choose a combination of r differ-

ent indices 1,...,%, out of 1,...,n. The dimension of space
A" (V*) is therefore n!/rl(n —r).

A basis can be chosen consisting of vectors {a A---Aa'"}
with i <--- <1,.

For r = n the space A"(V*) is one dimensional containing
multiples of o' A --- A a”. For r > n the spaces A" are zero,
that is, contain only the zero vector.

§ 27 : Space A" (V)

In exactly the same manner we define the space A"(V') of
all antisymmetric contravariant tensors. They are called r-
vectors. This space is spanned by {e;, A---Ae; } with i; <
e <& ir~

§ 28 : Wedge product of an r- and an s-form
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Given an r-form ¢t € A"(V*) and an s-form u € A*(V*) we can
define an r 4 s-form t A u called the wedge or exterior product
of t and u as follows. First define it on decomposable vectors

(51/\.../\5T)/\(71/\.../\75):ﬁl/\.../\ﬁr/\%/\.../\%
and then extend it on general vectors by linearity. Because
LA ANB A A Ay = (1) A Ay ABL A=A Sy

follows from the antisymmetry of the wedge product, we must
have in general

tAu=(=1)"unt (28)
§ 29 : Bases in 7T and A"(V*)

Let t € A7(V*) be written

t= > Ty aa*A---Aa

i1<"‘<ir

Note that coefficients T;
1 <o <

are defined only for indices

1ol

As A7(V*) € TP, the r-form ¢ can also be expanded as
a member of 7)) in the basis {o/' @ --- @ /" }}, . |, with
coeflicients t;, ;. =t(ej,...,e;)
n . .
t= > tjp.,0 @@
Jlreedir=1
By expanding the wedge product basis vectors in terms of
tensor product basis, and then comparing the coefficients we
find the components t’s in terms of T’s.

ti,..j» = 0 if any of the indices coincide
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tiyoge =Ty, for jp <= < gp

tigr = (=1 Trgy)..pe)

where permutation P brings indices j; ... j, to increasing or-
der P(ji) < -+ < P(j,)

§ 30 : Components of t A u in A"5(V*) basis

Given that

t= > T ;oA Aa”

11 <<t

u = Z Uiln_isa“ A A Ozis

11 < <is

we can work out the components B of t Au in the basis

{a™ A+ At} They are

Bii o= D T06)-Qen Ul 0l (29)
(r,s) shuffles Q

s

where the sum is over all (r, s) shuffles defined below.

An (r, s) shuffle is defined to be a permutation @ of (r+s)
distinct integers (i; < - -+ < i,45) such that

[ila T 7ir+s] - [Q(Zl)v T 7Q(Zr> ) Q(ir+1>7 T Q(ir+8)]
where Q(Zl) << Q(Zr) and Q(ir—i-l) << Q(ir—i-s)'
The total number of (r,s) shuffles is (r + s)!/r!sl.

As an example (2,4,5,7) have the following six (2,2) shuffles

(2,4,5,7) — (2,4;5,7),(2,5:4,7), (2,7:4,5), (4,5:2,7), (4, 7: 2, 5), (5, 7; 2, 4)
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31 : Components of t A u in TP, . basis
p r+s

Given an r-form t and an s-form u whose antisymmetric
components as members of T and T? respectively are

Z'Lm,iTOéil XX Ckir
and
u = ujl,-‘.,jsajl R Oéjs
we can show that the components py, .., of p=1tAu
p=tAu= pk17_,,7kr+sozk1 Q- ® akFr+s

are given by

pkl,.‘.,kr_'_g 1/r'5' Z tP k17 7P(k7‘)up( 'r+1)7 © (kT+S)
P
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LECTURE 3 : INNER PRODUCT OR METRIC

A symmetric bilinear non-degenerate form on a vector space
15 called a metric or inner product. It helps us to define the
notion of orthogonality. Given a metric one can construct
orthonormal bases, which are very useful. Moreover, the met-
ric sets up a one-to-one correspondence between the vector
space and its dual, called ‘raising and lowering the indices’
by physicists. Components of the metric in tangent spaces of
spacetime play a central role in general relativity as the grav-
itational field.

8 32 : Vector space
A vector space is defined by the operations of sum of its vec-

tors and multiplication by real numbers to its vectors.

An inner product or metric is an additional structure on
a vector space.

For any two vectors v and w in a vector space V their
inner product is a real number denoted by (v,w). The
function which defines the inner product should have the fol-
lowing properties:

1. it is linear, that is,

(u,v+w) = (u,v)+ (u,w) (30)

(u,av) = a(u,v) (31)

for any v,u,w € V and any real number a.
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2. it is symmetric
(u,v) = (v,u) (32)

for any v,u € V With this property we can see that the
inner product is linear in the the first argument as well

(u+v,w) = (u,w) + (v,w)
(au,v) = a(u,v)

3. and it is non-degenerate, that is, if (u,v) = 0 for all
v € V then u=0.

The inner product is also called the metric.

An inner product is often defined with a stronger condition
of positive definiteness which says that (v,v) > 0 and
(v,v) =0 if and only if v = 0.

Obviously, a positive definite inner product is non-degenerate
(take v = u in the condition of non-degeneracy), but not vice
versa.

In relativity theory we need inner-products on spacetime
which are not positive definite. In Minkowski space there are
time-like vectors whose inner-product with themselves is neg-
ative or null vectors for which it is zero. But the inner product
is always non-degenerate.

Given an inner product we can define the notion of or-
thogonality. Two vectors v and u in V' are called orthog-
onal if their inner product is zero, that is (v,u) = 0.

For any vector v the number (v, v) is its norm squared.
When the inner product is positive definite, as in Euclidean

space, the positive number /(v,v) is its norm or length.
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When the inner product is not positive definite, norm
squared can be positive, negative or zero. A vector with zero
norm squared (that is a vector which is orthogonal to itself)
is called a null vector. A vector with norm squared equal to
+1 is called normalized.

Two non-null, orthogonal vectors are linearly indepen-
dent. What is interesting is that two non-orthogonal null vec-
tors are also linearly independent. And in (341)dimensional
Minkowski space, two null vectors if they are orthogonal, then
they are necessarily proportional to each other.

§ 33 : Orthonormal Bases

An inner product or metric as defined above is a bilinear func-
tional on V' x V. Therefore it defines a second rank, symmetric
covariant tensor g called the metric tensor through

g(u,v) = (u,v)

We could equally well use the notation with g(u,v) in place
of (u,v). In most cases however, g is a given, fixed tensor
and there is ease of notation in using the bracket notation
for the inner-product. In three dimensional vector spaces the
notation used is u - v instead of (u,v).

Let e;,i = 1,...,n be a basis in V. The components of
the metric in this basis are
9i5 = (ei, €;) (33)

This symmetric matrix contains all the information about the
inner product because if v = v’e; and u = u’e; are two vectors
then bilinearitry of the product in its two arguments implies

(v,u) = gijviuj (34)
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The non-degeneracy of the inner product means that g =
det g;; # 0 or, in other words, the matrix of metric tensor
components in any basis is non-singular.

We note the important result that despite the existence of
null (zero-norm) vectors in the space one can always choose
a basis {n;}!, such that n;; = (n;,n;) = 0if ¢ # j and the
norm squared (n;,n;) is either +1 or —1. Such a basis is
called an orthonormal basis. We construct such a basis in
the next section.

The number of vectors with norm squared +1 and those
with norm squared —1 in such an orthonormal basis is fixed
by the definition of the inner product. The number of posi-
tive norm squared vectors minus the number of negative norm
squared vectors in an orthonormal basis is called the signa-
ture of the metric and is denoted by sig(V).

There do exist bases which contain (non-zero) null vectors
as basis vectors. But these bases are not orthonormal.

§ 34 : Existence of orthonormal bases

We go through the standard proof of the existence of or-
thonormal bases because of its fundamental importance.

Let a be a non-zero vector with non-zero norm squared

(a,a) #0.

There certainly exists a non-null vector of this kind unless
the whole space is trivial consisting of just the zero vector 0.
This is so because if (a,a) were zero for all a € V then by
using (a + b,a + b) = 0 for any arbitrary b it follows that
(a,b) = 0 for all b. The condition of non-degeneracy then
implies a = 0.
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Let n; = a/y/|(a,a)|]. Depending on the sign of norm
squared of a, (n;,n;) =€ is +1 or —1.

Let Vi be the one dimensional subspace spanned by ny,
and let V5 be the set of all vectors in V' orthogonal to every
vector in V4. Obviously, V5 is a vector subspace, and every
vector v € V' can be decomposed as

v = e (v,n;)n; + (v — e (v,n;)my)

where the first term is in V; and the second term is in V5. The
only vector common to V; and V5 is the zero vector 0 and this
again follows from non-degeneracy.

Therefore V' = V; @ V5 and the inner product restricted to
V5 is again non-degenerate because a vector in V5 orthogonal
to all other vectors of V5 is moreover orthogonal to V; and
hence is zero-vector.

We can now start with V5 as the starting space and find
a non null vector b € V; such that (b, b) # 0, and construct

n, = b/b/\/|(b,b)|, with (ns,ny) = €5 equal to +1 or -1.
We proceed in this manner inductively till the whole basis is
constructed.

Thus we have a basis {n;} with the metric components

I;; = (n;,n;) = €0;; (no summation on %) (35)
or
€1 0 0
0 €9 0
I = (36)
0 O €n

§ 35 : Signature of the metric
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Note that whichever route we take to choose orthonormal vec-
tors for a basis the number n, of vectors with norm +1 and
the number n_ of vectors with norm —1 is always the same.
As dimV =n = ny+n_ is fixed so is the number t =n, —n_.
t is called the signature of the metric. The Minkowski space
has one timelike unit vector with ¢y = —1 and three spacelike
vectors with (¢; = 1,7 = 1,2,3) in any orthonormal basis.
Thus it has signature +2.

Similarly the number £1 = €1¢5...¢, = det I, which the
determinant of the matrix I of metric components (in the
orthonormal basis) is a characteristic of the metric. If {e;} is
any basis with ¢g;; = (e;,e;) as the metric components then
g = det ||g;;|| (which is always non-zero) has the same sign as
det I.. We write this number as sgn(g) in general.

For spacetime in general relativity the sign of g = det g;; is
always negative because the number of vectors with negative
norm is odd.

8 36 : Correspondence between V' and V*

A non-degenerate inner product ( , ) defined on a vector
space V' sets up a one-to-one correspondence between vectors
in V and those in the dual V*.

Let v € V be given. Then every vector u € V can be
mapped linearly to real numbers by u — (v,u). This helps
us define a linear functional v € V* (called “v-flat”) with the
help of the inner product as

V(1) = (v,u)

Properties of the inner product ensure that v’ is a linear func-
tional. Obviously, v depends on the vector v.
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In fact, for finite dimensional spaces, all linear functionals
arise in this way. In other words ,if we are given a linear
functional o € V* then there exists a vector of € V (“alpha-
sharp”) such that the number assigned by a to a vector u
is the same number (af, u) obtained in taking inner product
with af.

We can identify of as follows.

First choose an orthonormal basis {n;} with (n;,;n;) =0
for i # j and (n;,n;) = ¢;.

Now define
= Z eia(ni)ni (37)

This is indeed the vector with the required property. Ex-
panding u = v/e; and using (¢;)? =1

(aﬁ,u) = Zuj<aﬁ,nj>:Zujeia(ni)<nl-,nj>

ij

= Zujeoznl €0;; Zuﬂ a(n;) = a(u)

tj

This one-to-one correspondence between the the dual spaces
V and V* is called raising and lowering of indices by the
matrix g;;. The reason for this nomenclature is as follows.

If v € V has components v’ in basis e; (not necessarily or-
thonormal) then the linear functional v’ € V* corresponding
to it has components

a; = gijv’
with respect to the dual basis o.
V(1) =< v,u >= g;jv'u! = g;v'ad(u) = (a;07)(u)  (38)
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where we have used the property of dual basis : if u = u/e;
then o'(u) = u'.

The inverse of this one-to-one correspondence between com-
ponents of a linear functional o = a;a’ to a vector of = v’e;
is similarly given by

,U’L — gZ]CLJ

where ¢* (with matrix indices written as superscripts) is the
inverse of the matrix g;;. We see this in the next section.

This also explains the musical notation of sharp and flat.
A vector v € V (contra variant,upper index) corresponds,
via the metric, to a form v’ (covariant, lower index=lower
pitch=flat), while a form « becomes a vector (contravari-
ant=upper index=higher pitch=sharp) of € V*.

§ 37 : Remark on physicists’ notation

Most general relativity physicists use the same letter-symbol
for components when a (contrvariant) vector v is put in cor-
respondence with a (covariant) form v’ or vice versa. For
example if

v =1'e;
then v’ is written as
Vv’ = v;a
in the dual basis. The correspondence itself looks like
v = gy, v' = g

This notation although convenient can be very confusing in
geometrical contexts. For example, in dealing with a hyper-
surface, the normal vector field on the surface and its cor-
responding 1-form have very different roles to play, and the
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choice of using same symbols for components is more a liabil-
ity than convenience.

§ 38 : Inner Product in V*

An inner product defined on a vector space V', determines
in a natural way an inner product on the dual vector space
V* as well as on spaces T and A"(V*) etc.

We saw in the last section that to every a € V* corre-
sponds a vector of such that a(u) = (o, u) for every u € V
and conversely every vector in V' determines a member of V*
in this manner.

This one-to-one correspondence suggests that if a corre-
sponds to of = ¥, ;a(n;)n; for an orthonormal basis {n;}
and similarly if 3 corresponds to 3, then we can define

(o, B) = <Ofﬁ75ﬁ> = Zﬁia(ni)ﬁ(ni)

All properties of the inner-product are satisfied. Perhaps the
only property not obvious to see is non-degeneracy. We follow
it up in an exercise.

In a basis with vectors e; = T;¥n, the metric is
gi = (eiej) = T e T}" = (TLTT),
where I, is the matrix of the metric in the orthonormal basis
(Ie)ij = (04, ;) = €0;; no summation (39)

The convenience of the matrix in the orthonormal basis is that
its square is the identity marix and (I.)~' = (I.).
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Let {a'} be the basis dual to {e;}. The dual basis is
obtained by matrix T—'7" acting on the basis {v'} dual to

{n;}
=) (T_l)ziVl

l

The matrix of the metric in the dual space is then

g7 = <o/,oﬂ> | (40)
= Zekaz(nk)oﬂ(nk)

k
= Y (Y wm)e(T ) vin(ny)
_ (%flTIGTflyj
(97 (41)

which follows from the relation g;; = (TLTT)U given above.

Therefore we see that the matrix ¢¥ = (a’,a’) of the
naturally determined metric in the dual basis of V* is the
inverse of the matrix g;; = (e;, €;) in the original basis.

8 39 : Inner product in tensor spaces

We now define the inner inner product on 7y = V®---@V.

For a;y ® ay--- ® a, € T define the inner product on
decomposable vectors as

(a1 ®ag---®@a,, by @by---®b,) =(a;,by)---(a,,b,)
and extend by linearity over arbitrary linear combinations.

To check the non-degeneracy property of this inner prod-
uct let us choose an orthonormal basis {n;} in V with (n;, n;) =
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+4;;. Let t = t""rn;, ® --- ® n;, be such that ({,n; ® -+ ®
n;) = 0 for all sets {ji,...j,}. Then it follows from the
definition that t"tr = 0 for all ¢, ...4,, that is t = 0.

An exactly similar definition can be given for the inner
product in T°(V) =V*®--- @ V*.
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TUTORIAL 1 : EXERCISES AND PROBLEMS :
LECTURES 1 TO 3

Exercise 1 Derive the ‘velocity addition theorem’

v

R A
1+ wvvr/c?

from the group law of Lorentz transformations.

Exercise 2 Discuss the case when « is a large positive number.

Exercise 3 Show the phenomenon of Lorentz contraction and
time dilatation on the Minkowski diagram.

Hint:

Figure out the diagram below. A rod of unit length is kept
along the z’-axis with one end at the origin. Similarly, a clock
is kept at the origin of frame S’. They both move with the
frame S’. Check that the various points (or events) O, A, B,
C, D have the following coordinates in the two frames.

0

/

point T x x (2")°
O 0 0 0 0
A V31— p5? 0 1 —B/v1—p?
B | 1/VI=P|8/VI=P 1 0
o | o v | sa—m | ya-
D |VT=F | IV | 0 !
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xX T = 61;0

A
C 2'-axis

,,,,,,, 0

r’ = fpx
B
- :E

@)

Exercise 4 Follow Einstein 1907 argument to show clocks run
slowly in near gravitating body using equivalece principle.

Solution:

Let there be an inertial frame S with respect to which an-
other frame 5 is at rest at ¢ = 0 with coinciding axes and the
origin. Let S; start accelerating in the x-direction at ¢ = 0

with acceleration g.
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Cr: (w=gt?/2) Cy: (v =L+ gt?/2)

T7(0,C) = At(1 + gL/c?)

At
T(OlA) ~ At T(OQB) ~ At

o)) L O S:(t=0)

>
>

Einstein’s argument of 1907
Clocks run slowly at lower gravitational potential.

Let there be two clocks C and Cj in the accelerating frame
S1. They are at events O and Oy at t = 0 as seen by S. As
shown the trajectories of the clocks C'; and Cy according to
frame S are given by x1(t) and xo(t) where

1 1
ri(t) = ith, 1o(t) = L+ §gt2

These equations describe the accelerated frame at low enough
velocities, that is, at small values of ¢.
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After a small time At by the clock of S, the frame S; is
moving with velocity gAt, and the clocks in S are located
respectively at events A : (z = g(At)?/2,t = At) and B :
(x = L+ g(At)?/2,t = At). The proper time shown by these
clocks is the same

At
dty/1 — g2t2/c2 = At + O(AL
| an/i—grje = at+ o)

Events A and B are simultaneous in frame S but not si-
multaneous in the accelerated frame Sy which (at time t = At)
has gained a velocity gAt with respect to S.

Let S’ be a third frame which moves with constant velocity
v = gAt with respect to S. Einstein chooses this frame just
so that it is “co-moving” with the accelerated frame S; at
exactly the S time t = At.

It is simultaneity in S” (which is comoving with S;), that
should be used to decide which two events are simultaneous
in the accelerated frame S; at this instant. The ¢’ = constant
line (which determines the simultaneity in S”) passes through
event A on the trajectory of C and cuts the trajectory of the
second clock C5 a little further at C'. The time shown by clock
Cs kept at L in the accelerated frame S; will be the proper
time upto event C' while at the same instant (according to S')

the time shown by the clock Cy will be the proper time upto
A.

It is clear from the diagram that the clock Cy (at event
(') will show more time that the clock C} at A. We calculate
the proper times 7(01A) and 7(02C). 7(O1A) is equal upto
lowest order to At. To find proper time upto C, we need the
time coordinate to of event C' in frame S. The coordinates of
these events are as follows in the two frames :
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S S’

A | xg=g(At)?/2, t = At t=t,

C| zc=gty/2, t=tc |t =t,=1t,

where we have not written those coordinates we do not need.

The basic idea is to calculate t/; from the first line and
then relate t;, = t/4 to (z¢,tc). Use Lorentz transformation
between S and S’ with relative velocity v = gAt :

f = v(v)l t_vg(A;)Q], (v = gAt)

o = ot (1 2]

Neglecting order (At)? terms the first equation gives t/, ~ At
and so the second gives

to =ty = At =tc —

gAt [L+ g(tc)j

c? 2

Solving this equation for t- and keeping to lowest order we
get

to = At(1 +gL/c?)

which is also equal to the proper time 7(O2C') in this approx-
imation.

Therefore, in the accelerated frame, which feels a constant
gravitational field in —z direction , the clock at ‘height’ L
shows a reading At(1 + ®/c?) when at the same instant (ac-
cording to this frame) the clock at the origin shows a reading
At. Here ® = gL is the gravitational potential difference
between the locations of the clocks.
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Exercise 5 {ej, e, e3} are basis vectors in a three dimensional
space V and {a!,a? a3} is the corresponding dual basis in V*.
Choose a new basis {f}, f, f3} where

fi = e +eo, f = e — ey, fs =e; +e3

Find the basis {8', 32, 33} dual to this new basis.

Answer

B! = (a' + 0%~ a?)/2, 02 = (o' — a? — a¥)/2, 5" = o

Exercise 6 Show that r vectors v',...,7" € V*,dimV* = n are
linearly dependent if and only if y! A ... A" =0

Answer If v!, ..., 4" are dependent then one can write one of
them, say, 7* as a linear combination of the others. When ~*
is substituted in 4! A... A" the result is zero because each
term will have a repeated factor.

On the other hand if 4!,...,~" are linearly independent

then we can take these as the first r vectors of a basis 4%, ..., "

where 4" 1, ... 4™ are defined appropriately. Let gi,...,g,

be the dual basis in V. Then by definition of the wedge prod-
uct
(YA A g, g) =1

therefore v! A ... A" # 0.

Exercise 7 KRONECKER DELTA
The (1,1) tensor (see section 5.2.5) § € T} is defined in some basis
{e;} and its dual basis {a'} as
6= Z e; ol
Show that this definition is independent of the basis used and the

tensor has constant components

0; =0ifi#j, and =1ifi=}
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Answer

Change a basis and verify that inverse-transpose rule for
change of bases makes the definition independent of bases.

Exercise 8 Every (1,1) tensor ¢t € T{(V)determines a linear
mapping 7' : V' — V by the formula (see section 5.2.5)

(Tv)(a) = t(a, V)

What is the linear mapping corrsponding to the Kronecker delta?
And what is the linear mapping corresponding to t = u ® 3 for
fixed u € V and fixed g € V*.

Answer Identity for Kronecker delta. For t = u® (8 the map
T is such that T'(v) = 5(v)u

Exercise 9 Show that a metric is non-degenerate if and only if
the determinant g = det g;; is non-zero.

Answer

If the g were zero then the symmetric matrix g;; will have
an eigenvector with eigenvalue zero. That is, there would be
numbers Aj,7 = 1,...,n not all zero such that for all i =
L....n X950 = 0= (e;,>X;\je;). As {e;} is a basis it
follows that (v,>°; Aje;) = 0 for every v. Because the inner
product is non-degenerate, it follows that }°; A\;e; = 0, and
because ,again, e; form a basis \; = 0 for all j = 1,...,n.
This contradicts that not all A’s are zero.

Exercise 10 Show that the inner product for the dual space V*
as defined in §37 is non-degenerate.
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Answer

If (o, ) were to be zero for every choice of S then by
choosing 5 to be equal to members of the basis {r;} dual
to {n;}, one by one, we can prove that a(n;) = 0 for all
j = 1,...,n. This means that a(v) = 0 for any v € V.
Therefore the inner product as defined is non-degenerate.

Exercise 11 Prove that

(1) two non-null, orthogonal vectors in a metric space are linearly
independent

(2) two non-orthogonal null vectors are also linearly independent
(3) in (3+1)dimensional Minkowski space, two null vectors if they
are orthogonal, then they are necessarily proportional to each
other.
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