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§1 Lesson Overview

Syllabus

Defining operators ag, CLL, Nj;Commutation relations and properties of ay, aL, Np;Hilbert
space of quantized Schrodinger field; Physical interpretation of states and field op-

erators.

Objectives

1. To |define operators a,a’, N|in terms of fields.

2. To derive [commutation properties| of N, a, af

3. To define a|complete orthonormal set]

4. To construct [ Hilbert space as linear span of the complete orthonormal set.|

5. To give [interpretation of field operator|

Prerequisites
‘ Quantum Mechanics‘ [Complete orthonormal setj
[Complete commuting set of hermitian operators;
0 - N
Vector Spaces‘ [Postulates of quantum mechanics

[Simultaneous measurement;
[Specification of state]

§2  Recall and Discuss — Vector Spaces

§2.1 Complete orthonormal set

A set of vectors 0 = {|v) ’1/ =0,1,2,...}is called a complete orthonormal set if

(W]1) = Gy (1)

and if there does not exist another orthonormal set ¢/ such that ¢ ; o'
The importance of complete orthonormal set is that it can be taken as a basis

and the Hilbert space is just the linear span of a complete othonormal set set.

§2.2 Complete commuting Set

A set of operators § = {Ak} is a commuting set if every pair of operators in S

commute.

[A;, 4] =0, ik

The set S is a complete commuting set if an operator Y that commutes with all
X, then Y is a function of X;. The simultaneous eigenvectors of a complete set

of commuting hermitian operators forms an orthonormal basis. Every vector in



Hilbert space can be written as a unique linear superposition of the simultaneous

eigenvectors of complete commuting set of hermitian operators.

§3 Recall and Discuss — Quantum Mechanics

§3.1 Postulates of Quantum Mechanics

1. States of a Physical system are represented by vectors in a complex vector

space with inner product (Hilbert Space).

2. Dynamical variables are represented by hermitian operators in the vector

space.
3. Let A be dynamical variable and A be corresponding operator having eigen-
values and eigenvectors oy, |ay,).

If state is represented by |ay) a measurement of A will give value ay with
probability 1. Conversely, if measurement of A gives oy with probability 1,

then the state is represented by the corresponding eigenvector |ay).

If the state vector is an arbitrary vector [¢)), a measurement of A will give

value oy, with probabilities |(1]ay)|?,

§3.2 Simultaneous measurement

A set of dynamical variables Ay, As,... can be measured simultaneously if they
commute pairwise, i.e. [A;, A;] = 0 for all pairs A;, Ay.

63.3 State specification

Physically, a complete commuting set of observables can be measured simultane-
ously. The probability of all possible outcomes of such measurement is the maximum
information that can be obtained about the state of the system from experiments.

The state vector can be identified with the set of all such probability amplitudes.

§3.4 Harmonic Oscillator Operators a, a', N.

1. The harmonic oscillator creation and annihilation operators obey the commu-

tation rules
[a,aT] =1. (2)

2. The number operator defined as N = a'a obeys the commutation relations

[a,N] = —a [aT,N] =al. (3)

3. The operator a and af, decrease and increase eigenvalue of N by one.
4. The operator N is a positive definite operator and has eigenvalues v = 0,1, 2, ...

5. The eigenvectors of N form a complete orthonormal set. The linear span of

this set coincides with the Hilbert space.
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§4.1 Define Operators a,a’, N,

Let u,(z) denote a complete set of orthonormal functions, assumed to be labeled
by a discrete index n. This set can be chosen to be any set that may suit a given

problem. The assumption that the eigenfunctions form an orthonormal set means

/u;*n(x)un(x) dx = dpmn
Completeness means that we can expand

blet) = 3 an(tyun (o). (4)

Since ¥(x, t) has become operator in the second quantized theory, the expansion will

be in terms of operators a,(t). Similarly we will have
O t) = al(t)u;,(2). (5)
n

Using the orthogonality property of the eigenfunctions u, (z) we can invert the above

relations and write
an(t) = /ufl(x)lb(x,t) dzx, al (t) = /un(az)wT(x,t) dx Verify  (6)

The above equations can be looked upon as a change in coordinates from v, ¥* to

G, aL. The new variables a,,, aL have a direct physical interpretation.

64.2 Commutation properties of a,a’, N},

We now use ETCR and Eq.@ to compute the commutation relations satisfied by

the operators ay, az. Consider

anlt)ab0] = | [uneote0de, [t 7)

= [ o [ dyi@yun ) [o6e ). 01 (,0)] (8)
— [ o [ dyii ()it - v) (9)
= /u:;(x)um(:p) dz (10)
— S (11)
Thus we have
[an(t),a:rn(t)} = Onm (12)

In a similar fashion use of other commutation relations gives

[am(t), an(t)] =0, [al (t),al ()] =0, for all m,n (13)

The above commutation relations should remind you of the commutation rules
[a,a] =0 [a,a'] =1, [af,al] = 0. (14)

You have encountered similar commutation relations for a harmonic oscillator; ex-

cept that now there is one oscillator for each m.
Thus our system, the second quantized Schrodinger theory, looks like a
collection of infinite number of harmonic oscillators.

4



§4.3 Summary of Properties of a,a’, N},
Define operators Ng, called number operators, by
Ny = alay. (15)

The following results can be derived easily by following the steps you have learned

for a, ' in harmonic oscillator.
1. The operators N} are hermitian, i.e. N = Ni.
2. [Ng, Ni] = 0.
3. [Nk, ar] = —ax and [Nk,aL] = aL. Verify!

4. Each operator Nj has eigenvalues 0, 1, 2,....

§5  Constructing the Hilbert Space

§5.1 Choice of an o.n. basis

The fact that the operators N commute pairwise implies that they will have simul-

taneous eigenvectors which will form a basis. We denote this set of eigenvectors by

B = {|1/1, Vo, .. .>‘u1, ve,...=0,1,2,3,... } will form a complete orthonormal set. A

vector in this set corresponds to eigenvalues vy, vs ... for operators N1, No, .. ..
N1’V1,l/2,...> = 1/1‘1/1,V2,...> (16)
NQ’Vl,VQ,...) = VQ‘I/l,VQ,...> (17)
Nilvi,va, ..y = vglvi,ve,...) (18)

The state |1, 1o, ...) has the interpretation of 14 particles in state uj(x), v particles

in state ua(z) and so on.

§5.2 The vacuum state
We assume that there exists a state |0), unique up to a phase, such that
a0) =0, for all k =1,2,3, ... (19)

The eigenvectors of Nj can now be constructed by applying products of suitable

powers of GL k=1,2,.. on the vacuum. Thus

11,0,0,..) = (al)"*]0) (20)
v1,12,0,0,...) = (a})**(a})™(0) (21)

V1, V2y ...y Vky. .. = G/Zk .
| 1, %2, » Yk > (];I m) ‘0> (22)

The completeness of the basis £ is expressed by the following relation

Z D20 2 7 S 1 72 VO VA = Ovyw{Ovausf - - - Opf - - - (23)

V1,V2,...




§6 Physical Interpretation

§6.1 States of Quantized Schrodinger field

The simultaneous eigenvectors of the number operators constitute an orthonormal
basis in the Hilbert space of the quantized Schrodinger field theory
Given this set of basis vectors, we can construct the Hilbert space by taking all
possible linear combinations of the elements of the complete orthonormal set. A
representation obtained by taking {#} as basis is called number representation.
An arbitrary state |¥) in the Hilbert space has the interpretation that the proba-
bility amplitude that there are v, vo, ... particles, respectively, in states ui, us, . . .is

given by (vq1,v9,...,Vk,...|¥).

§6.2 The field operator

Like the wave function in quantum mechanics, the field operator itself is not a
measurable physical quantity. In quantum mechanics the interpretation of the wave
function comes through the probability density and the probability current density.
Corresponding operators and the number operator N, in the second quantized theory
have the interpretation as explained below.

The operator N = ), N represents the number of particles. In case of
Schrodinger field the total number of particles is conserved. It is easy to
verify that the total number operator N expressed in terms of the Schrodinger field
(x) takes the form

N = / (P (x) dx (24)

Therefore |1 (z)|? has the interpretation of being number density,or the number of

particles per unit volume.

§7 EndNotes

§7.1 Points of Discussion

§7.2 More about Harmonic Oscillator Connection

We will now recall and rewrite equations from harmonic oscillator which show that

each N} is harmonic oscillator Hamiltonian. For this purpose we introduce operators
K, Pk by :
(ol + @) (a], — ) (25)
= —(al +ayp), =—(a; —a

These operators obey commutation relations

[ak: @] = [pr>pe] =0, (@ pe] = i6ke- (26)

The number operators N written in terms of ¢, prtake the form

1

1
N = 5((11% +pp) — B (27)

Thus each N, apart from a constant, is like harmonic oscillator Hamiltonian.



§7.3 Points to Remember

&y

The simultaneous eigenvectors of N, are chosen as an orthonormal basis to

get the Hilbert space .

The simultaneous eigenvectors correspond |vq, 19, ..) to the state in which there

are vy, ls... particles in ’levels’ uy, uo, ..., respectively .

The physical interpretation of the vectors in the Hilbert space in the number
representation depends on the choice of basis functions {u,(x)} for expansion

of field operator.

Recall the equation of continuity in quantum mechanics

dp
—4+V-J=0 28
u (28)

The 'probability density’ and the ’probability current’ from quantum mechan-
ics now have the following particle interpretation:

(a)p = T (x)1h(x) as number of particles per unit volume

(B) J(x,t) = 22 (1 (V) — (VT )¢ as flux.
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